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ABSTRACT. We show that the K&hler-Einstein metrics on the four families of sym-
metric toric Fano manifolds due to Batyrev and Selivanova cannot be induced by
immersions into projective spaces equipped with the Fubini-Study metric. We also
show a similar conclusion for the non-symmetric examples discovered by Nill and
Paffenholz. As an application we obtain that a centrally symmetric toric Fano man-
ifold admits a Kéhler-Einstein metric induced by a projective immersion if and only
if it is a product of projective lines. These results confirm for each of these examples
a broader conjecture characterizing the Kéhler-Einstein metrics that can be induced
by projective immersions.

1. INTRODUCTION

It is well-known that the Fubini-Study metric grg on a complex projective space P*
is Einstein. Less known are the compact complex manifolds X having an immersion
w: X — P? such that the pullback Kéhler metric ¢ = ¢*grg is Einstein. A result of
Hulin [Hul00] shows that in this case the Ricci curvature is a positive multiple of the
metric, which implies that X is a Fano manifold.

After the proof of the Yau-Tian-Donaldson conjecture, the existence of a Kéahler-
Einstein metric g on a Fano manifold X can be characterized by the algebro-geometric
notion of K-polystability [CDS15, Tial5]. When this condition is verified, it is natural
to ask if the metric g is projectively induced in the sense that there exists an immersion
@: X — P° such that

9= ¢"grs. (1.1)

In [Cal53] Calabi showed that for an arbitrary Kéahler manifold (X, g) there are
strong restrictions for the existence of a projective immersion inducing the metric,
and so one expects (1.1) to occur only in special situations. This contrasts sharply
with the analogue in Riemannian geometry, since by Nash’s theorem every Riemannian
manifold can be isometrically embedded into a real Euclidean space [Nasb6].

The problem is therefore to classify the Kéahler-Einstein compact manifolds that
satisfy the condition (1.1). In this direction Calabi showed that a Kéhler-Einstein
metric g on a curve X satisfies this condition if and only if X is the projective line
and g is a positive integer multiple of the Fubini-Study metric [Cal53]. Continuing with
the work of Smyth [Smy67] and Chern [Che67] on hypersurfaces, all known examples
of Kéhler-Einstein submanifolds of a projective space turned out to be homogeneous
[Han75, Nak76, Mat85, Tsu86]. This has motivated the following folklore conjecture.

Conjecture 1.1. Let g be a projectively induced Kahler-FEinstein metric on a compact
manifold X. Then (X, g) is a homogeneous Kdhler manifold.
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Ogiue’s problem about irreducible or Einstein submanifolds of the projective space
with parallel second fundamental form [Ogi74, Problem 7] can be regarded as a pre-
decessor of this statement. In its current form, the conjecture appears for instance in
Tosatti’s Zentralblatt review of [HWZ15] and in [LZ18, Conjecture 4.2]. The analo-
gous problem of classifying the K&hler-Einstein submanifolds of the complex Euclidean
and hyperbolic spaces was also proposed by Ogiue [Ogi74, Problem 8] and solved by
Umehara [Ume87]. Indeed the homogeneous Kéhler-Einstein submanifolds of a pro-
jective space have been determined by Takeuchi [Tak78], and so a positive answer to
Conjecture 1.1 would complete the classification of the Kahler-Einstein submanifolds
of the complex space forms.

The study of Kéhler-Einstein metrics on compact toric manifolds has experienced
an important development in recent years, see for instance [BB13] and the references
therein. Their classification in dimensions up to 4 was obtained by Batyrev and
Selivanova [BS99] and then in dimensions up to 7 combining the classification of
unimodular Fano polytopes by Obro [Obr07] with the combinatorial characterization
for the existence of a Kahler-Einstein metric on the associated Fano manifolds by
Wang and Zhu [WZ04].

Using these results Arezzo, Loi and Zuddas [ALZ12] and Manno and Salis [MS26]
proved that a Kéahler-Einstein toric manifold of dimension at most 6 is not projectively
induced unless it is a product of projective spaces, under the additional hypothesis
that the immersion is given by a complete linear series. Unfortunately a complete
classification of Kahler-Einstein compact toric manifolds is not available yet, and so
this approach to the toric case of the conjecture cannot be extended to the higher
dimensional situation.

In this paper we develop algebraic tools to determine handle such higher dimen-
sional situations with the aim of. To explain our results, for an integer n > 1 let X
be an n-dimensional toric Fano manifold and ¥ its associated fan on a vector space
Ngr ~ R". Following [VK85, BS99] this toric Fano manifold is said to be centrally
symmetric if the reflection on Ng with respect to the origin is an automorphism of 3,
and symmetric if the group of automorphisms of ¥ fixes only the origin of Ngr. Clearly
a centrally symmetric toric Fano manifold is symmetric, but the converse does not
always hold [JRZ25].

In [BS99] Batyrev and Selivanova showed that every symmetric toric Fano mani-
fold admits a Kéahler-Einstein metric, and they presented four families of such toric
manifolds including many of the previously known examples. These are the del Pezzo
toric manifolds Vj, of Voskresenskij and Klyachko [VKS85], and the symmetric toric
Fano manifolds S, x, Xy, and W, respectively introduced by Sakane [Sak86], Nak-
agawa [Nak94| and themselves, see [BS99, Section 4] or Section 4.2 for details.

Here is our main result, which is a particular case of the more technical Theorem 4.9.

Theorem 1.2. Let X be a symmetric toric Fano manifold of type Vi, S, Xmk
or Wy, and g a Kdhler-Finstein metric on it. Then g is not projectively induced.

By a result of Voskresenskij and Klyachko, every centrally symmetric toric Fano
manifold is a product of projective lines and del Pezzo toric manifolds [VK85] . Ap-
plying this together with Theorem 4.9 we obtain the next consequence.
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Corollary 1.3. Let X be a centrally symmetric toric Fano manifold. Then X ad-
mits a projectively induced Kdhler-FEinstein metric if and only if it is a product of
projective lines.

In [NP11] Nill and Paffenholz proved that there exist Kéhler-Einstein toric Fano
manifolds that are not symmetric by exhibiting two examples in dimensions 7 and 8.
As another application of our techniques we show that these metrics are neither pro-
jectively induced (Theorem 4.10), thus providing further evidence for Conjecture 1.1.

We next sketch our strategy. We work with the equivalent point of view of forms in-
stead of that of metrics, and so we consider a pair (X, w) consisting of an n-dimensional
toric Fano manifold and a Ké&hler-Einstein form induced by an immersion ¢: X — P*
from the Fubini-Study form of this projective space.

Let M ~ Z" be the group of characters of the complex torus acting on X. Applying
Calabi’s rigidity theorem and the basic properties of critical metrics we reduce to
the situation where ¢ is equivariant with respect to the usual toric structure on P*
(Lemmas 2.7 and 2.8). In this situation the immersion is represented by a family of
monomials that we can use to construct a Laurent polynomial p, € R5o[M].

We then define an algebraic differential operator p: C[M] — C[M] allowing to
translate the Einstein condition for w into the equation (Proposition 3.16)

1w(py) = P,

similar to that considered in [ALZ12, MS26]. To study it we consider the more flexible
requirement that p(p,) divides pg, for an integer £ > 0, which we call the generalized
Einstein condition (GEC). This condition is useful because it is inherited by initial
parts of polynomials. Hence the existence of a single obstructing invariant subvariety
of X rules out a projectively induced Kéahler-Einstein metric on X.

Our key technical results are an explicit description of the Newton polytope of 1(p,)
and a factorization formula for the initial parts of this Monge-Ampere polynomial (The-
orems 3.10 and 3.14). The latter can be interpreted as an algebraic version the adjunc-
tion formula on X for an invariant hypersurface, and implies that GEC is hereditary
on the invariant submanifolds of X (Proposition 3.19). We then study some specific
toric surfaces to show that GEC cannot be satisfied on them (Corollaries 4.4 and 4.7).
Since all the considered higher dimensional toric Fano manifolds contain at least one
of these toric surfaces as an invariant submanifold, we deduce that GEC can be nei-
ther satisfied on them. In particular, none of them admits a projectively induced
Kahler-Einstein metric (Theorems 4.9 and 4.10).

In view of this approach, it is natural to ask if for every toric Fano manifold X
that admits a Kéahler-Einstein metric and is not a product of projective spaces we
have that X contains one of these specific toric surfaces as an invariant submanifold.
Whereas we do not have a conceptual argument to support this claim, we could verify
it for every example we considered, thus confirming Conjecture 1.1 for each of them.

The paper is organized as follows. Section 2 contains the preliminary notions and
facts from differential and toric geometries. In Section 3 we give a combinatorial for-
mula for the polynomial Monge-Ampére operator and study its properties. Section 4
contains the proof of our main results.
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2. PRELIMINARIES

In this section we recall the basic constructions and properties of complex toric
manifolds and start to study the toric Kahler forms that are induced by projective
immersions. We show that each of these Kéhler forms can be encoded by a Laurent
polynomial, which allows to translate the corresponding Einstein condition into an
algebraic equation.

2.1. Toric manifolds. For an integer n > 1 we denote by T an n-dimensional (com-
plex) torus, that is a complex group isomorphic to (C*)", and by S ~ (S1)" its
maximal compact subtorus.

Definition 2.1 ([Don08, Section 2]). A (complex) manifold X is toric if it contains
T as a dense open subset and is equipped with an action of T extending the action of
this torus on itself by translations. A Kéhler form w on X is toric if it is invariant
under the action of S, in which case the pair (X,w) is called a toric Kdhler manifold.

Recall that a Kéahler manifold (X, w) is Einstein if its Ricci form p verifies
p=Aw with A € R.

Example 2.2. The n-dimensional (complex) projective space P" is a toric complex
manifold for the torus (C*)™ with the action defined for ¢ = (¢1,...,t,) € (C*)™ and
z2=(z0:21:":2,) €P" as

t-z=1(z0:t121: 1 tpzp).

The Fubini-Study form of P" is the Kéhler form wrg defined at each point as the
pullback of the 2-form on C**!\ {0}

n
190 log (Z ]sz2)
j=0
with respect to any local section of the projection C"*!\ {0} — P". This Kihler
form is invariant under the action of the projective unitary group PU(n + 1) and is
Einstein with constant A = n 4+ 1 [Mor07, Chapter 13]. In particular (P",wpg) is a
toric Kéhler-Einstein manifold.

In the sequel we focus on the case when X is a compact smooth toric variety, that is
a compact toric manifold which is also an algebraic variety. We present the necessary
notions and facts, referring to [Ful93, CLS11] for the proofs and more details.

Set

M = Hom(T,C*) and N = Hom(C*,T)
for the lattices of characters and co-characters of the torus T. Both are isomorphic
to Z" and dual of each other, that is N = M and M = NV. Set then Ng = N ®7 R
and Mr = M ®z R. These vector spaces are also dual of each other, and for u € Ng
and x € Mg we denote their pairing by (u,z). Let C[M] be the group algebra of M
over C, and for each m € M we set x™ € C[M] for the corresponding monomial.

To a compact smooth toric variety X corresponds a fan > = ¥x on Ny that is
complete and unimodular, that is it covers the whole of this vector space and each of its
n-dimensional cones is generated by a basis of the lattice N. For each integer 0 < r <n
we denote by %" the collection of cones of ¥ of dimension r.

There is an inclusion-reversing bijection ¢ — X, between the cones of ¥ and the
affine toric varieties that glue up to build X. The origin 0 € X corresponds to the
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principal open subset Xo C X and is canonically identified with the torus. The fact
that X is smooth implies that for each o € X" we have

X, o € x (CX)m.

There is also a dimension-reversing bijection ¢ +— V(o) between the cones of ¥ and
the invariant subvarieties of X. In particular to each 1-dimensional cone (or ray) it
corresponds an invariant hypersurface.

Every line bundle L on X can be realized as the line bundle associated to a toric

divisor, that is
L=0x(Yav(n),

the sum being over the rays 7 of the fan and where a, € Z for each 7. This represen-
tation is unique up to a principal divisor of the form div(x"™) with m € M. Then we
associate to L the lattice polytope in the vector space My defined as

Ap ={x € Mg | (ur,z) > —a, for all 7 € £},

where u, denotes the smallest nonzero lattice vector in the ray 7. It is well-defined
up to a translation by an element of M.

When L is ample we have that the polytope Ay is n-dimensional and its normal
fan coincides with . In particular there are dimension-reversing bijections

Fr—or and o+~— F,

between the faces of A;, and the cones of X.
The anticanonical line bundle of X can be represented as —Kx = Ox(>__V(7))
and so its associated lattice polytope can be fixed to

A g, ={r € Mg| (ur,2) > —1 for all 7 € B'}. (2.1)

If X is Fano then —Kx is ample and so A_g, is n-dimensional. Hence this is a
reflexive polytope, and in particular the origin is its unique interior lattice point.

2.2. Projectively induced forms. Here we establish some general facts about the
Kahler-Einstein forms on toric manifolds that are induced by projective immersions.

Definition 2.3. A Kahler form w on a compact manifold X is projectively induced if
there exists an immersion ¢: X — P° such that

w = p*wFs.

Up to reducing to a linear subspace of P® we can assume that the immersion is full,
that is its image is not contained in any proper linear subspace.

Remark 2.4. If (X,w) is a projectively induced compact K&hler manifold then the
line bundle L = ¢*O(1) is positive because w is a curvature form on it. Hence by
Kodaira’s embedding theorem L is ample, and in particular X is an algebraic variety.

Furthermore if (X, w) is Einstein then its constant is positive by a theorem of Hulin
[Hul00]. Since the Ricci form p is a curvature form on —K x, this line bundle is positive
and so ample. Hence in this case X is a Fano variety.

Let X be a compact toric manifold with torus T. A map ¢: X — P? is toric if
there exists a homomorphism of tori (: T — (C*)*® such that

o(t-xx) =C((t) ps p(x) forallte T and x € X.
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The restriction of this map to the principal open subset is described in terms of mono-
mials: there are a; € C, j =0,...,s, not all zero and m; € M, j =0,...,s, such that

o(x) = (ox™(x) : -+t asx™ (x)) for all x € Xp.

These scalars and vectors form a set of coefficients and exponents of .
The pullback L = ¢*O(1) is a line bundle on X whose polytope coincides with the
convex envelope of the set of exponents of the map, that is

A = COIlV(m(), ey ms) C Mg. (2.2)
We next characterize the toric maps that are full immersions.

Definition 2.5. A finite subset S C M is unimodular if for every vertex of its convex
hull v € conv(S) and every edge E < conv(S) containing v there exists wg € E NS
such that the vectors wg — v form a basis of the lattice M.

Lemma 2.6. Let p: X — P° be a toric map with coefficients o € C, 7 =0,...,s,
and exponents mj € M, j =0,...,s. The following conditions are equivalent:

(1) ¢ is a full immersion,

(2) o #0 for all j, mj # my, for all j # k, and {my, ..., ms} is unimodular.

Proof. Assume that (1) holds. Since ¢ is full the first two conditions in (2) are
necessary because otherwise the image of this map would be contained in a hyperplane.
For the third condition, let v = mj, be a vertex of the polytope conv(my,...,ms).
For convenience we rescale and reorder the coefficients and exponents so that o, = 1
and then jo = 0.

Since ¢ is an immersion we have that X is a compact smooth toric variety and
L = ¢*O(1) is an ample line bundle on it. By (2.2) we have that mg is a vertex
of the polytope Ay, and so it corresponds to an n-dimensional cone o of the fan
associated to X. Hence ¢ restricts to a monomial map between the charts X, ~ C"
and (zp # 0) ~ C® that writes down in these coordinates as

C" —C%, z+— (12", ..., as2%), (2.3)
where a; € Z™" corresponds to the difference m; — mg through the isomorphism
M =~ 7" given by the identification X, ~ C™, and where z% = zfj’l ez for

z2=(21,...,2,) € C™.
The Jacobian matrix of this map writes down as

Jo(2) = (ajajpz®"%),, € C"  for z € C?,

where ey, denotes the k-th vector in the standard basis of Z". Evaluating at the origin
we get J,(0); % # 0 if and only if a; = e;,. Since ¢ is an immersion we have

rank(J,(0)) =n
and so there are ji,...,j, € {0,...,s} such that a;, = ej for each k. From here we
get that conv(my,..., ms) has exactly n edges Ej, i = 1,...,n, containing v, and
for each k there is m;, € Ej, such that m;, — mg corresponds to e; under the above
isomorphism. Hence
mjl —mo,...,mjn — my

is a basis of M, and since this holds for every vertex of the polytope we conclude that
the set {myg,...,ms} is unimodular.
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Conversely if (2) holds then the toric map ¢ is full: otherwise there would be a linear
relation between the monomials a;x™7, j = 0,...,s, which is not possible because
they are different and nonzero. Finally the assumption that the set of exponents
is unimodular implies that the local map in (2.3) is a graph, and in particular an
immersion. ([

We now show that every projectively induced toric Kéhler form on X is induced
by a toric full immersion. In particular this is also the case for a projectively induced
Kahler-Einstein form on this compact toric manifold.

Lemma 2.7. Let w be a toric Kahler form on X induced by a full immersion ¢: X —
PS. Then there is A € PU(s + 1) such that the full immersion Ap: X — P? is toric.

Proof. Since w is invariant under the action of the compact subtorus S, by Calabi’s
rigidity theorem [Cal53, Theorem 9] (see also [LZ18, Theorem 2.2]) there is a group
homomorphism #: S — PU(s + 1) such that

o(t-xx)=0(t)p(x) forallteSandze X. (2.4)

Since the representations of S are diagonalizable there exists A € PU(s + 1) and a
homomorphism ¢: S — (S1)* < PU(s + 1) such that

O(t) = A71¢(t)A forallt €S. (2.5)

Recall that Xy and T are canonically isomorphic and denote by zg € Xy the
point of the principal open subset corresponding to the unit of the torus. Setting
a = Ap(xg) € P° we deduce from (2.4) and (2.5) that

Ap(t-x xg) =((t) ps v forallt €S.

The homomorphism ( is defined by a sequence of characters, and so it extends to a
homomorphism ¢: T — (C*)°. Hence both t — Ap(t-x z9) and t — ((t) -ps v are
holomorphic maps that coincide on S, and so they are equal.

Now let ¢, € T and x =t -x o € Xo. Hence t -x x = (t v t') -x zo and so

Ap(t-xa) = ((tTt) pra = (C(t)(cx)s C(t) pra = ((t) s (C() pe ) = C(t) = Ap(2),
showing that the map Ap: X — P* is toric. ([

Lemma 2.8. Let w be a projectively induced Kdhler-Einstein form on X. Then w is
induced by a toric full immersion into a projective space.

Proof. Since w is Kéhler-Einstein it is critical in the sense of [Cal85]. By Theorem 3
in loc. cit. we have that w is toric, and so the statement follows from Lemma 2.7. [

2.3. Toric potentials. Let ¢: X — P? be a toric full immersion of a compact toric
manifold X with torus T, and let w and p be the associated Kéhler and Ricci forms.

To choose coordinates we identify the principal open subset Xy with (C*)™. The
exponential

exp: C"/2miZ"™ — (C*)"

is an isomorphism of complex spaces, and we will study the Einstein condition for
these forms on the chart of X given by this map.

By Lemma 2.6 we have

o(x) = (aox™ () : - asx™ (x))  for x € Xg = (C)"
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with a; € C* and m; € M = Z" such that m; # my, for all j # k and the set
{mo,...,mg} C Z™ is unimodular. Then we associate to the toric full immersion ¢
the Laurent polynomial

S
Pe =Y lay’x™ € RooZ7). (2.6)
=0

By (2.2) its Newton polytope coincides with the polytope Ay associated to the line
bundle L = ¢*O(1).

Now let C[Z"] = Clz{",...,z] be the algebra of Laurent polynomials over the
complex numbers and C(Z") = C(x1,...,xzy) its field of rational functions. Let L be

any differential extension of C[Z"]| containing the logarithms of all nonzero Laurent
polynomials and consider the differential operators on IL defined as

Di—l'iaii, 1= 1,...,n. (2.7)

Definition 2.9 (§-operator). For p € C[Z"] \ {0} we set
6z (p) = det(D?log(p)) € C(Z"),

where D?log(p) = (D;Djlog(p))i; € C(Z™)™ ™ denotes the D-Hessian matrix of the
logarithm of this Laurent polynomial. When the lattice is clear from the context we
denote this rational function simply by d(p).

Lemma 2.10. Let f,h: C"/2miZ™ — R be the functions respectively defined as
flu+iv) =log(py(e*)) and h(u+iv) =1log(d(py)(€™)).

Then w = i00f and p = —iO0h.

Proof. We have

f(u+iv) = log (Z |ozje<mj’“+i”>|2) = (Poexp)*log||-|l2 for all u+iv € C"/2mwi, Z"
5=0

where || - ||2 denotes the Euclidean norm on C* and ®: (C*)™ — C*\ {0} the monomial
map = — (apx™ (x),...,asx™ (x)). By the definition of the Fubini-Study form
(Example 2.2) this function is a potential for w on C"/2miZ".

In this chart we have

n 82
=1 E d dz,
w zkl:l 92,07, 2k N\ dz]

with z, = uy + v, for each k. Setting H = (%)M we have that H(u + iv) is a
positive Hermitian matrix for all 4 4 iv and so its determinant gives a function
det(H): C"/2miZ" — Rso.
By [Mor07, Formula (12.6)] the Ricci form can be defined as
p = —i00log(det(H)).

0t 1 for cach kL.

Our potential depends only on the real part and so 90E = % Bur o

We have
of

. dlog(py)
J — 2uy ~ Yo\l ¢ Du — 2u
B (u+iv) =2e Dy (e™) = 2Dy log(p,)(e*")
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and then %(u + iv) = 4Dy Dy log(p,)(€**), which implies
0’ f

02,07

Thus H(u + iv) = det(D?log(py))(e?"). O

(u + iv) = DgpDylog(p,)(e*").

We give an algebraic characterization of the Einstein condition.

Proposition 2.11. The Kdhler form w verifies the Einstein condition with constant
A > 0 if and only if there exist ¢ € Ryg and m € Z™ such that

S(py) = ex™p . (2.8)
Proof. In the notation of in Lemma 2.10 the Einstein condition for w reduces to
= —\f (mod Ker(909)). Hence
h(u+iv) = =Af(u+iv) + F(u+ i) + F(u+dv) for all u+ v € C"/2miZ"
with F' holomorphic, and so entire. o
Since f and h do not depend on the variable v this is also the case for F' + F.
Considering the representation of F' as a power series in u + iv we see that this

happens exactly when F is affine, that is when F(u+iv) = a+ (5, u+iv) with a € C
and 8 € R™. We get

5(py)(e*™) = ea+a+<6’2“>p¥,(62“)_>‘ for all u € R",
which readily gives (2.8) with ¢ = ¢*T® € R-g and m = 3. This exponent lies in M
because this equation implies that x™ € R(z1,...,Zy,). O

Example 2.12. The Laurent polynomial associated to the identity map on P is
n
prs = 1+ Z Z;.
i=1

We have §(prs) = ([ i) pEénH) as it can be checked by a direct computation or ap-
plying Lemma 3.1 below. Using Proposition 2.11 this confirms that the Fubini-Study
form wpg is Kéhler-Einstein with constant A = n + 1, in agreement with Example 2.2.

We deduce an algebraic characterization for the existence of a Kéhler-Einstein form
on X that is induced by a projective immersion.
Corollary 2.13. The following conditions are equivalent:
(1) X admits a projectively induced Kdihler-FEinstein form with constant X\ > 0,
(2) there exists p € Rso[Z"] such that supp(p) is unimodular, NP(p) = \"1A_k . and
5(p) = ex™p~ for some ¢ € Rug and m € Z.

Proof. If (1) holds then by Lemmas 2.6 and 2.8 the considered Kéahler-Einstein form
is induced by a toric full immersion, which combined with Proposition 2.11 gives (2).
Conversely assume that (2) holds. Write

S
p=>_la;’x™ € Rug[Z"]
j=0
with a; € C* and m; € Z", and consider the monomial map Xy — P* defined as

x> (o™ -t agy™) (2.9)
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The condition NP(p) = A\"'A_f, implies that this lattice polytope is compatible
with the fan of X because so is the case for this anticanonical polytope. Hence the
monomials in (2.9) extend to global sections of a line bundle on X, and so this map
extends to a toric map ¢: X — P?. Since supp(p) is unimodular, by Lemma 2.6 it is
a toric full immersion with p, = p. We conclude again with Proposition 2.11. ([

3. ALGEBRAIC POTENTIALS

Motivated by our previous results we now place ourselves in a purely algebraic set-
ting and study systematically the corresponding Monge-Ampere operator. Through-
out this section we denote by T a torus of dimension n > 1, by M and N its lattices
of characters and co-characters, and by Mg and Ng their vector spaces.

3.1. The algebraic Monge-Ampeére operator. Let

p=7)_cx™ €C[z"\ {0}

j=0
with ¢; # 0 for all j and m; # my, for all j # k. With notation as in (2.7) we have

S S
Dip= Z mjic;X"  and  DypDip = Z mjmjicix"?  for each k1.
§=0 j=0

Moreover D;log(p) = Dip/p and DyDylog(p) = (((DxDip) p — (Dyp)(Dip)) /p* and so

5(0) — det((D.Dip) p — (Dyp)(Dip))k.

(p) - 2n
p

Hence p?" is a denominator for the rational function §(p). The next lemma gives a
smaller one and a formula for the corresponding numerator.

e C(z").

Lemma 3.1. We have

p"T1s(p) = Z (n!Volzn((3011V({7)1j}j6])))2 H c;x™ e C[Z",
J jeJ

where the sum is over the subsets J C {0, ..., s} of cardinality n+1 and volzn denotes
the Lebesque measure of R™.

Proof. For each k,l we have that (D D;p)p — (Dip)(Dip) equals

S S S S
( Z miﬂkmucixmi) ( Z cjxmf) - (Z mi,kCiXmi> ( Z mj,zcjxmj) .
1=0 j=0 i=0 =0
Set
S
E=(mgp---ms), K =diag(cox™,...,csx™), w= ijcjxmj.
=0

Then F is an n x (s + 1) matrix, K a diagonal (s + 1) x (s + 1) matrix and w an
n vector that can be used to write the D-Hessian matrix of log(p) as

p>D?log(p) = p EKET —ww!.

Write EKET = (a1 ---a,) and w = (wy -+ w,)T where each a; is an n vector and
each w; a scalar. Then

pEKET —wuw” = (pa; —wiw, ..., pa, — wyw).
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By the multilinearity of the determinant function we get

n
p*" det(D?log(p)) = det(pEKET) — Z wrdet(pay,...,pag_1,W,Paks1,-..,Pay),
k=1
which readily implies

p"6(p) = pdet(EKET) — Zwkdet Ay ooy Q1 Wy Ay - -+ Op)- (3.1)

mo

1
E)K(ET ) = (EKET EKl) _ (EKET w)
1” ~\TKET 17K1 wh p)
Developing the determinant of this matrix by the last row we deduce that it coincides
with the right hand side of (3.1). By the Cauchy-Binet formula for the determinant
of a product of rectangular matrices we have

p"18(p) = det(EKET) = Zdet (EK) ) det(ET) = det(E,)* det(K ),
J

Now consider the (n + 1) x (s + 1)-matrix E = (E> = (

ms
17 1 ) We have

EKET = (

the sum being over the subsets J C {0,..., s} of cardinality n + 1. Finally for each J

det(E;) = +n! volzn (conv({m;}jes)) and det(K;) = H cix™
jeJ
which gives the formula. U

Remark 3.2. Write p; = ZjeJCijj for each J C {0,...,s} with #J = n + 1.
Then Lemma 3.1 gives the decomposition

n+16 Zpg—i-l& p])

This lemma also shows that the 5—operator is invariant with respect to unimodular
changes of coordinates of Z".

In the 1-dimensional case we can compute the §-operator of a Laurent polynomial
from a complete factorization of it.

Lemma 3.3. Let p = cx™ [[1_, (X" + &) € C[Z] \ {0} with c € CX, e}, € Zg and
& € C* such that & £ & for all k #1. Then
t

ekka
Z:l (xt + &)?

Proof. We have
t

3(p) = D*log(p) = D*log(ex™) + Y exD*log(x" + &) = d(ex™ +Zek5x + &)
k=1 k=1

Then we get the stated formula applying Lemma 3.1 to each of these terms. O
The J-operator also satisfies the following properties.

Lemma 3.4. Let p € C[Z"]\ {0}. Then
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(1) for all c € C* and m € Z"™ we have 6(cx™p) = 6(p),
(2) for all X\ € Qsg such that p* € C[Z"] we have 5(p*) = A\"5(p),
(3) for all g € C[Z')\ {0} we have dzn+i(pq) = oz () o1(a)-
Proof. We have
D?log(ex™p) = D?log(ex™)+D?log(p) = D*log(p) and D?log(p*) = XA D?log(p).
Taking the determinants of these matrices gives the formulae in (1) and (2). For (3)
it holds
Dlog(pa) = Dlogto) + Dlogta) = (7 EP 0 )

for the D-Hessian matrices on C[Z"*!], C[Z"] and C[Z'], and the formula follows again
taking determinants. U

3.2. A coordinate-free setting. It will be convenient to avoid a specific choice of
coordinates. Let then

p=_¢x™ € C[M]\ {0}

§=0
with ¢; # 0 for all j and m; # my, for all j # k. Set
supp(p) = {mo,...,ms} C M and NP(p)= conv(supp(p)) C Mgr

for the support and the Newton polytope of this Laurent polynomial, and consider also
the associated vector space and lattice, respectively defined as

Myr => R(mj —my) C Mg and M, = M,g N\ M C M.
j7k‘.
We have that M, is a subgroup of Mg with compact quotient, and we denote by
volyz, the Haar measure on this vector space normalized so that
VOlMp (ijR/Mp) =1.
Note that supp(x~"°p) C M, and rank(M,) = dim(M,r = dim(NP(p)).

We introduce a polynomial variant of the §-operator that contains its nontrivial in-
formation and gives a meaningful extension of this operator to the rank-deficient case.

Definition 3.5 (u-operator). For p € C[M]\ {0} we set
ulp) = p™ M H 5y (T ™0p) € CIM,] C C[M],
where dp7, denotes the d-operator acting on the algebra C[M,)].

By Remark 3.2 the §-operator does not depend on the choice of a basis of the lattice,
and by Lemma 3.4(1) it is invariant by translations of exponents. Hence the formula
in Definition 3.5 produces a well-defined rational function, which by Lemma 3.1 is a
Laurent polynomial.

We restate in terms of p-operator the formula given by this latter result.

Lemma 3.6. Set r = rank(M,). Then
u(p) = > (1 volag, (conv({m; }e)))? ([T ™).
J jedJ

the sum being over the subsets J C {0,...,s} of cardinality r + 1.
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We also restate in our current setting both the formula for the 1-dimensional case

and the basic properties of the d-operator.

Lemma 3.7. Let p = cx™ HZZI(Xl + &) € CIZ] \ C with e, € Z~g and & € C*
such that &, # & for all k # 1. Then

t
N(p) _ C2X2m+1 Zekfk(Xl + ék)26k72 H(Xl + 51)261'
k=1 14k

Proof. This follows directly from Lemma 3.3 noting that here u(p) = p?d(p). O

Lemma 3.8. Let p € C[M] and set r = rank(M)). Then

(1) for all c € C* and m € M we have p(cx™p) = Hx T+ u(p),

(2) for all X € Qsq such that p* € C[M] we have u(p*) = ATpr+DA=D (p),

(8) for another lattice M’ of rank v' and q € C[M'] we have u(pq) = p" ¢" u(p) u(q).

Proof. It is enough to prove these properties when M, = Z", in which case they are a
direct consequence of Lemma 3.4 and the fact that u(p) = p"*16(p). For (1) we have

p(ex™p) = (ex™p)" 13 (ex™p) = (cx™p)" 1o (p) = I (p).
For (2) we have
u(pt) = ()" o) = ApTHAS(p) = Ampt T ().
Finally for (3) let ¢ € C[Z!]. Then
1(pq) = @)™ "o (pa) = (pa)" T 00 (p) 05 (q) = Pl 1(p) u(q),

completing these verifications. O

3.3. Newton polytopes. Now fix
S
p= chxmj € C[M]
j=0

such that supp(p) is a unimodular subset of M (Definition 2.5).

Definition 3.9. For each face F' < NP(p), the angle of NP(p) at F'is the cone in N
defined as

op ={u € Ng | (u,z —y) > 0 for all x € NP(p) and y € F}.

The collection Yyp(,) = {oF | FF < NP(p)} is a complete and unimodular fan on Mg,
called the normal fan of NP(p).

The next result gives the behavior of the Newton polytope with respect to the
p-operator. Set ¥ = Xnp(,) for short. Recall that ! denotes the set of rays of this
fan and u, € N the smallest nonzero lattice vector in each ray 7.

Theorem 3.10. Let p € C[M] with supp(p) unimodular and write
NP(p) = {z € Mg | (ur,2) > —a, for all T € ©'}
with a, € Z~o. Then
NP(u(p)) = {x € Mg | (ur,z) > —(n+1)a, + 1 for all 7 € X'}
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This will be derived from a characterization of the face structure and vertex set of
the Newton polytope of the Monge-Ampere polynomial of p. To state it let

NP(p)® and NP(u(p))°

be the vertex sets of these Newton polytopes, and for each v € NP(p)? denote by B,
the (unique) basis of the lattice M such that for every edge F < NP(p) containing v
thereis be B, withv+b¢e€ FE.

Furthermore, given a cone ¢ C Ny and a compact subset C' C My put

Co={yeC|(u,x—y)>0foralueocandzxecC} (3.2)

for the subset of elements of C' of minimal weight in the direction of o.

Proposition 3.11. The following properties hold:

(1) Enp(up) = ENp(p),

(2) for each v € NP(p)? we have NP(u(p))s, = {(n+ 1)v+ Y e, b},
(3) NP(u(p))® = {(n+ 1)v + Xpep, b | v € NP(p)°}.

Proof. Let v € NP(p)Y. For each subset J C {0,...,s} of cardinality n + 1 whose
associated exponents are affinely independent set mj; = Zje gm; € M. For each
j € J write mj = v+ Y, cp Vjpb with 45, € Z>o and then for each b € B, set
Yob =D ey Vib- Thus
my = (n—l—l)v—i— Z Y b
beB,

Since the exponents m;, j € J, are affinely independent we have ~v;; > 1 for all b,
and 75 = 1 for all b exactly when J = Jy for the only index subset such that
{m;}jes ={v+blees,-

Let u € o, be an interior point of the n-dimensional cone of ¥ corresponding to
the vertex v. Then (u,b) > 0 for all b and so

(u,my) = (n+1)(u,v) + > Y (w,b) = (n+ D{u,v) + > (u,b),
be By beB,

with the equality occurring exactly when J = Jy. Combining this with Lemma 3.6 we
get that the minimal weight with respect to u of the exponents of u(p) is realized at
the lattice point
wy =my, = (n+ 1)v+ Z b.
beBy

Hence NP(u(p))s, = {wy}, thus proving (2). This also implies that the angle o, of
NP(u(p)) at the vertex w, contains the cone o,. Since the collection o, v € NP(p)°,
covers Nr we deduce that o,,, = o, for all v, giving both (1) and (3). O

Proof of Theorem 3.10. By Proposition 3.11(1) we have that NP(u(p)) has the same
face structure of NP(p). In particular their rays coincide and so by Proposition 3.11(2)

NP(u(p)) = {x € Mg | (ur,z) > b, for all 7 € B!}

with br = (ur, (n + 1)v + Y ,cp b) for each ray 7 € X! and any vertex v € NP(p)°
lying in the facet NP(p),. Then

by = (n+ 1)(ur,v) + Y (ur,b) = —(n+ Da, + 1
beB,
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because (ur,v) = —a, and (u,,b) = 0 for all but one b € B,, for which this weight
equals 1. O

Corollary 3.12. If NP(p) is a reflexive polytope then NP(u(p)) = n NP(p).

Proof. This follows directly from Theorem 3.10 and the fact that when NP(p) is re-
flexive we have a, = 1 for all 7 € 1. O

3.4. Initial parts. Consider again a Laurent polynomial

p=>Y_cxX™ €C[M]
=0

with unimodular support. The restriction of p to a subset S C Mg, denoted by p|g,
is the sum of the terms of p whose exponents lie in .5, that is

pls = Y ¢x™ € C[M]. (3.3)
m]ES

Given a cone o C Ng, the initial part of p in the direction of ¢ is the restriction of p
to the face of its Newton polytope defined by o as in (3.2), that is

init,(p) = p‘Np(p)g e C[M].

Definition 3.13. Let A C Mg be an n-dimensional lattice polytope and F < A a
facet of it. The adjacent polytope of F is the subset of A defined as

F'={zeA|{up,z—y)=1forally € F}

with up € N the primitive inner normal vector of F. It coincides with the intersection
of A with the inner parallel lattice hyperplane that is closest to F.

We now turn to the study of the initial parts of the Monge-Ampere polynomial
of p. Recall that by Proposition 3.11(1) the Newton polytopes of p and u(p) have the
same face structure, that is

ENP(p) = ZNP(u(p))-
Hence the faces of these polytopes are in dimension-reversing bijection with the cones
of this fan, that we denote again by X for short.

Theorem 3.14. Let p € C[M] with supp(p) unimodular and 7 € X*. Then
init-(p(p)) = p(init7(p)) plr;
with F! the adjacent polytope of the facet F; < NP(p).

Proof. Since supp(p) is unimodular, up to a translation and an isomorphism M ~ Z"
we can assume

Denote by H; < NP(u(p)) the facet defined by the ray 7. By Theorem 3.10 we have
NP(u(p)) C (z, > 1) and H, = NP(u(p)) N (zn = 1).
Then by Lemma 3.6

init, (1(p)) = u(p)|m, =D _ (n!volza(conv({m;};e))* [ ] eix™,

J jeJ
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the sum being over the subsets J C {0, ..., s} of cardinality n+1 whose corresponding
exponents are affinely independent and

Z Mjn = 1.
jed
These are the index subsets of the form J = I U {k} for any I C {0,...,s} of cardi-

nality n whose exponents are affinely independent and verify m;, = 0 for all i € I,
and any 0 < k < s with my, = 1. For each decomposition J = I U {k} we have

n!volgn (CODV({mj}jGJ) = (n — 1)!volgn—1(conv({m;}icr))

and Hje] cixX™ = cpx™* Hlel c;x™i. Hence
it (u(p)) = Y _((n = 1)!volgn1(conv({m;}ier))® exx™ [ [ eix™

Lk iel
= <Z((n— 1)!volgn—1(conv({m;}icr)) chx )(chxmk)
I i€l k
= p(init-(p)) P,
which is the stated formula. O

By a descent argument we obtain a formula for an arbitrary initial part of u(p).

Corollary 3.15. Let p € C[M] with supp(p) unimodular and o € X" with 1 < r < n.
Let F,, be the (n—r)-dimensional face of NP(p) corresponding to o and G;,i=1,...,r,
the faces of NP(p) of dimension n —r + 1 containing F,. Then

init, (p(p)) = p(init, H Pl

with Féi) C G; the adjacent polytope of Fy, as a facet of G;.

Proof. Choose a decomposition o = ¢+ 7 with ¢ € "1 and 7 € X!, which is possible
by the unimodularity of ¥. By induction

initc(14(p)) = p(inite( H Pl g, (3.4)

where Fg(i), i=1,...,r—1, are the adjacent polytopes of the (n —r + 1)-dimensional
face F.. We also have

init, (init (u(p))) = init, (u(p)), it (init,(p)) = init, (p)

and init (p| ) = Py 1=1,...,r—1, for the adjacent polytopes E of the face F,
that are not contained in Fe.

Hence taking initial parts in the direction of the ray 7 in (3.4) and applying the
multiplicativity of initial parts and Theorem 3.14 we get

r—1

inito (1(p)) = init (p(inite(p))) ] init-(pl o) = u(inite (9)) plper T #lp0,
=1 =

which gives the formula. ([
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3.5. Algebraic variants of the Einstein condition. Now let X be a toric Fano
manifold with torus T, and recall that X admits a projectively induced Kéhler-Einstein
form with constant A > 0 if and only if there exists p € R-o[M] such that supp(p) is
unimodular, NP(p) = A™1A_k, and

p(p) = ex"p" (3.5)

for some ¢ € Ry and m € M (Corollary 2.13).

In the study of the Einstein condition it is standard to normalize the Kéahler form
to reduce from an arbitrary constant A > 0 to the case A = 1. For projectively induced
metrics this normalization is more delicate because one cannot ensure that it can be
done through a projective immersion, contrary to what might be inferred from [ALZ12,
page 485] and [MS26, Section 2.5.7], see Remark 3.17 below. Taking this issue into
account we introduce the subset of Laurent polynomials

R[M]T = {p € RIM] | p” € Rso[M] for some v € Z~q}.

We obtain the next algebraic characterization of the Einstein condition for a Kéhler
form that is induced by a full toric immersion, similar to that considered in [ALZ12,
Lemma 4.1] and [MS26, Remark 2.4].

Proposition 3.16. The following conditions are equivalent:

(1) X admits a projectively induced Kdihler-Einstein form,

(2) there is p € RIM|" with supp(p) unimodular, NP(p) = A_k, and p(p) = p".
Proof. Assume (2) and choose an integer v > 0 such that ¢ := p” € R o[M]. We have

that supp(q) is unimodular and NP(q) = v NP(p) = v A_k,, and by Lemma 3.8(2)
we also have

IU(Q) _ ,U(py) _ l/np(n—l—l)(y—l)'u(p) _ Z/np(n—i—l)(y—l)—i-n _ ann—l—l—l/y.
By (3.5) X admits a projectively induced Kihler-Einstein form with constant 1.
Conversely assume that X admits a projectively induced Kéahler-Einstein form with
constant A > 0, so that the conditions in (3.5) holds. With notation as therein set
g=~p" withy = (eA?)" YO+, (3.6)

Hence ¢ € R[M]T because by (3.5) it is a rational function that has a positive integral
power lying in R<o[M]. Furthermore supp(q) is unimodular and NP(q) = ANP(p) =
A_k, and by Lemma 3.8(1,2)

M(Q) — M(,yp)\) _ ,Yn+1>\np(n+1)()\fl)u(p) — ,yn+1)\np(n+1)()\71)cxmpn+1f)\ _ qun.

Considering the associated Newton polytopes and applying Corollary 3.12 we get
m = 0, thus proving (2). O

Remark 3.17. There are Laurent polynomials with positive coefficients that are
powers of Laurent polynomials with some negative coefficients. As an example take
p=2+2r— 2%+ 223 + 22* € Rlz*!], for which

p® =44 8z 4 423 + 172 + 425 + 827 + 4a® € Rog[zH].
Hence in (3.6) we cannot ensure that ¢ has positive coefficients, and so this Laurent
polynomial is not necessarily given by a toric full immersion as in (2.6).

We introduce a more flexible version of the Einstein condition in our algebraic
setting that is better suited for a recursive analysis.
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Definition 3.18. Let p € C[M] with supp(p) unimodular. We say that p satisfies the
generalized (algebraic) Einstein condition (GEC) if p(p) | p* for some k € Zsq.

As a consequence of our previous results we can show that this condition is hered-
itary. To properly state this property, for a Laurent polynomial p € C[M]\ {0} and
a cone o € Y\p(,) we define the translated initial part of p in the direction of o as

Pe = X ™inity(p) € C[M N o]
for any m € supp(init,(p)), where ot C Mg denotes the orthogonal subspace of o.

Proposition 3.19. Let p € C[M] with supp(p) unimodular and satisfying GEC, and
let 0 € XNp(p)- Then the translated initial part ps € C[M N O‘J‘] also verifies that
supp(py) is unimodular as a subset of the lattice M Mo+ and satisfies GEC.

Proof. It is clear that supp(py) is unimodular as a subset of M N o+ because so is the
case for supp(p) as a subset of M.

On the other hand there exists an integer £ > 0 such that u(p) divides p” be-
cause p satisfies GEC. By the multiplicativity of initial parts we get that init, (u(p))
divides init,(p)”, and by Corollary 3.15 we have that p(init,(p)) divides inity(u(p)).
Hence p(py) divides pf and so p, satisfies GEC, as stated. O

Finally we state the application of this property to the study of projectively induced
Kéhler-Einstein forms on X. We denote by X the fan of this toric Fano manifold.

Corollary 3.20. Assume that X admits a projectively induced Kahler-FEinstein form,
and for a cone o € X denote by Iy = A_k, the associated face and v € F,; a lattice
point in it. Then there exists ¢ € C[M N o] with supp(q) C M N o+ unimodular and
NP(q) = F, — v satisfying GEC.

Proof. This follows readily from Propositions 3.16 and 3.19. O

4. APPLICATIONS

In this section we apply our constructions and results to the study of the algebraic
Einstein conditions in several concrete situations.

For simplicity here we assume that T is the standard torus (C*)", so that M =
N = 7", Mg = Ng = R" and C[M] = C[z{",...,2;}"]. To ease the exposition we
switch to the usual notation for monomials.

4.1. Small dimensions. We first consider the 1-dimensional case.

Proposition 4.1. Let p € C[z*!] with supp(p) unimodular. Then p satisfies GEC' if
and only if

p=ca(z+6)
with ¢, € C*, m € Z and v € Z~y.

Proof. Set NP(p) = [m,m/] with m < m’. Write

p= E cja™ = ca™

§=0 k

(@ + &)™

s t
=1
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with m; € Z, vy, € Z>o and &, € C* such that m =my < --- <m, =m/ and &, # &
for all k # 1. By Lemma 3.7 we have

t t
wp) = 2y H r+ &)™ 2 with g =Y u& [J(@+&)%

k=1 1£k

The leading and tail coefficients of g are respectively equal to

t
> €k =cesr and Z v [[& =" H &
k=1

k=1 1£k

These quantities are nonzero because supp(p) is unimodular, and so NP(q) = [0, 2¢t—2].
Since this polynomial is coprime with p, we have that u(p) divides p* for a positive
integer k if and only if ¢ is a monomial. This is equivalent to the fact that t = 1,
which gives the statement. U

Corollary 4.2. Let w be a projectively induced toric Kéhler form on P! induced by a
toric full immersion ¢: Pt — P* whose associated Laurent polynomial Py € Rsg[zt!]

satisfies GEC. Then (P',w) ~ (P!, v wrs) with v € Zsy.

Proof. By Lemma 2.6 we have that supp(p,) is unimodular, and so by Proposition 4.1
we have that p, = ca™ (x+&)" for an integer v > 0 and real numbers ¢, { > 0. Applying
Lemma 2.10 we get

w =90 log(ce*™(e*" + £)") = viddlog(e*" + €) = vA*wrs
for any linear map A: (2o : 21) — (@zp : 21) with a € C such that |a| = £1/2. O

We now focus on the 2-dimensional case to prove a result that severely restricts
the possible Newton polygons of the bivariate Laurent polynomials that satisfy GEC.
It is a generalization of [MS26, Lemma 2.20].

Recall that for an edge E of a lattice polygon A C R? we denote by E’ its adjacent
segment, defined as the intersection of A with the inner parallel lattice line that is
closest to E (Definition 3.13). For a lattice segment F C R? we denote by ¢(F) its
lattice length, defined as the number of lattice points in ' minus 1.

Recall also that p|s denotes the restriction of a Laurent polynomial p € Clz*!, yT!]
to a subset S C R? as in (3.3).

Proposition 4.3. Let p € Cla™!, y*!] with supp(p) unimodular and satisfying GEC.
Let E be an edge of NP(p) and E’ its adjacent segment.

(1) Let v be a vertex of NP(p) and a,b be the basis of Z* at v induced by supp(p) with
v+a € E. Then there exist ¢, € C* such that

p’E _ CXU(Xa _,_g)é(E) and p|E’ _ c/Xv+b(Xa +§)£(El),
(2) Let F be another edge of NP(p) and F' its adjacent segment. Then

(F) _UE)
(F)  UE)

The figure below illustrates the objects in this proposition.



20 DI SCALA AND SOMBRA

NP(p)

FIGURE 1. Edges and adjacent segments

Proof. For (1) let 7 be the inner normal ray of E so that this edge realizes as E =
NP(p),, and set H = NP(u(p)), for the corresponding edge of the Newton polygon
of p1(p). Then Theorem 3.14 gives the factorization

u(p)le = wple) ple- (4.1)

By GEC we have that u( ) divides p” for some integer x > 0. By the multiplica-
tivity of initial parts u(p)|m divides (p|g)”, and so the factorization (4.1) implies
that p(p|g)ple divides (p|g)®. Hence the restriction p|g is a univariate Laurent
polynomial that satisfies GEC and whose Newton polytope coincides with £. With
Proposition 4.1 we get
ple = ex’ (X + &

The corresponding expression for p|gs follows from the fact that this is univariate
Laurent polynomial is a factor of (x*+ &)" whose Newton polytope coincides with E’.

For (2) it is enough to consider the case when E and F' share a vertex, as in
Figure 1. By (1) we have

plE =c1 x"(x* + £1)4E) 7 plF = c2x'(x° +§2)

pler = X" + &) ), ple =y xT(xb + 52)”
with ¢;, ¢}, & € C*. Examining the overlaps of these Laurent polynomials at the lattice
points v, v+ a, v+ b and v + a + b we obtain the equations

oE oF o(E) o(F")
Cl%(E) E() o(F)— 4z )C‘sz 5( L A(F
’ 1
Aa™) = uF) eV B GG = o) e
The statement follows by considering the ratio between the product of the first equa-
tion by the fourth and that of the second by the third. O

Passing to the geometric setting we obtain the next consequence.

Corollary 4.4. Let X be a toric surface and p: X — P* a toric full immersion
such that p, € Rsolz®t,y*Y satisfies GEC. Then the ratio £(E')/{(E) for an edge
E <X NP(p,) and its adjacent segment E' does not depend on the choice of the edge.

In particular, if X admits a projectively induced Kdhler-FEinstein form then the
ratio L(E")JU(E) for an edge E = A_k, and its adjacent segment E' does not depend
on the choice of the edge.

Proof. The first statement follows directly from Proposition 4.3(2). For the second,
let w be a projectively induced Kéahler-Einstein form on X with constant A > 0. By
Lemma 2.8 it is induced by a toric full immersion ¢: X — P? and by the Einstein
condition A_g, = ANP(p). This statement follows then from the previous one. [
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Example 4.5. Let

p=aor 'yt oy + eyt +aza?y ! Fagr?
+ a5 + agx + a7x_1y + a7y € (C[:Uil, yil]

with o # 0 for all j # 5. Its Newton polytope is the trapezoid in Figure 2.

E
FIGURE 2. A reflexive trapezoid

The edges meeting at the lattice point (2, —1) verify

UWE) 2 %

B ~37 ' T uE

and so p cannot satisfy GEC by Proposition 4.3(2).

On the other hand, for the hexagon in Figure 3 we have ¢(E")/{(E) = 2 for every
edge E and its adjacent segment E’. In spite of this, no Laurent polynomial with

(-1,1) L4 (0,1)
E5 Eé E3

El

(~1,0) ! (1,0)

(0,0)
Ee Eé E2
(0,—1) (1,-1)

Er

F1cURE 3. A reflexive hexagon

unimodular support and having this Newton polytope can satisfy GEC.
Proposition 4.6. Let

p=ooy ' +arzy t+asr T +as +oux+ aszly + agy € (C[xil, yﬂ]
with a; # 0 for all j except possibly j = 3. Then p does not satisfy GEC.

Proof. Let E;, 1 =1,...,6, and E;, 7 = 1,2,3, be the edges and adjacent segments
of the hexagon, and p;, ¢t = 1,...,6, and p;, j =1,2,3, the corresponding univariate
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Laurent polynomials. Note that E] is adjacent to both E; and Ej, and a similar
remark holds for Ej and Ej. By Proposition 4.3(1)

m=ay z+&), p=cry y+&), p=czr(z 'y +&),

pr=ciz ly(x+&), ps=csa (y+&), pe=cey (aTy+ &),

pr=cia @ +&)% ph=cy (y+&)% py=chay (@7 ly +&)%
for some nonzero parameters c;, c} and &. Hence these parts of p are encoded by
12 parameters, and their overlapping at each lattice point gives the following system
of 14 equations:

0,-1): a&i=d&=cés, (1,-1): c=cé =dE,
(=1,0) = &} = es€a = co, (0,0) :  2¢1&1 = 2c58n = 2c5¢3,
( 70) 0/1 = C2 = 03637 ( 17 1) : C451 = C5 = Cga

(0,1): ¢4 =cy=cs.

Taking logarithms this transforms into a system of 14 linear equations in 12 variables.
Its solution is

log(c1) = —r1 + 2r9 + 2r3, log(ce) = —r1 + 72 + 2r3, log(es) = rs,

log(C4) =rs, log(cs) = 71, log(cg) =71 + ro,

log(c)) = —r1 + 12+ 2r3, log(cy) =rs, log(ch) = r1,

log( 1) =71 —r3, log(&3) = 7o, log(&3) = —r1 + 12 + 13,

for r1,rq,r3 € C/2miZ. Setting p; = €™ this implies

p=p1+p+pa
2 1 -1 -1,2 -1 -1, —1
= p1p3Y "+ p1p2p3ry + pipy  p3T + 2p1p3 + p1p2x 4 pipy p3T Y 4 pry.
Setting furthermore x = p; Losu, y = psv and dividing by p1ps, this Laurent polyno-
mial reduces to

g=v  +uw t +u 424+ ut+u o+ =u o (u+ o) (u+1)(v+1) € CluFt, vF.

The corresponding Monge-Ampere polynomial is

w(q) =u® + 2uv + v* + 10u + 2uv ™ + 100 + 2u™ 0% + v?v ™2 + 10uv ™! + 10u 1o
+u 2+ 100 2w+ 100+ 2u v+ u o 2u o £ 18
=u 2072 (u?v + w? + u® 4 6uv + 0% +u+v)(u+ ) (u+ 1) (v + 1),
Its first nontrivial factor is quadratic and so if it divides a power of p then it is

necessarily equal to (u+v)2, (u+v)(u+1), (u+v)(v+1) or (u+1)(v+ 1), which is
is clearly not the case. Hence p does not satisfy GEC, as stated. O

This lattice polygon is the anticanonical polytope of the blow up of P? at its three
fixed points [CLS11, Exercise 8.3.8(a)].

Corollary 4.7. Let X be the blowup of P? at its three fized points. Then there is no
p € Clz*!, y*™'] with supp(p) unimodular and NP(p) = A_f,. that satisfies GEC. In
particular X does not admit a projectively induced Kdhler-Einstein form.
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4.2. Large dimensions. Finally we apply our results to the four families of sym-
metric toric Fano manifolds discussed by Batyrev and Selivanova in [BS99] and the
non-symmetric examples of Nill and Paffenholz [NP11].

Definition 4.8. Let X be a toric manifold with torus T and denote by X its fan on
the vector space Ng. Then X is symmetric if the the group of automorphisms of X
fixes only the origin. This toric manifold is centrally symmetric if the map Ng — Ngr
defined as u — —u is an automorphism of X.

Following [BS99, Section 4], for each integer k£ > 1 we denote by Vj the k-th del
Pezzo toric manifold introduced by Voskresenskij and Klyachko [VKS85], see [BS99,
Example 4.1]. It is the centrally symmetric toric Fano manifold of dimension n = 2k
with a fan whose cones are generated by the vectors

ter,...,ten, t(e1 + ..., en), (4.2)

where ey, ..., e, is the standard basis of N = Z". Note that V] is the blowup of P? at
its three fixed points in Corollary 4.7.

Next for integers 1 < k < m we denote by S, 5, the symmetric toric Fano manifold
of dimension n = 2m + 1 introduced by Sakane [Sak86], see [BS99, Example 4.2]. It
is the projectivization of the vector bundle O @ O(k, —k) over P™ x P, and its fan is
consisting of cones generated by the vectors

€1, .., €2m, teami1, —(€1 + €2+ - + em + keam+1),
— (em+41 + €ma2 + -+ -+ eam — keamy1).  (4.3)

Then for integers 0 < k < m we denote by X, ; the symmetric toric Fano manifold
of dimension n = 2m + 2 introduced by Nakagawa [Nak94], see [BS99, Example 4.3].
It is defined by a fan whose cones are generated by the vectors

€1, ., €2m, Te2mi1, Leamya, £(€2my1 + €2m2)
— (61 +exs+ -+ ey — k62m+1), —(6m+1 +em+2t+ -t eyt k62m+1). (4.4)
Finally for an integer m > 1 we denote by W, the symmetric toric Fano manifold
of dimension n = 2m introduced in [BS99, Example 4.4]. It is the blowup of P x P™

along certain m + 1 invariant subvarieties of codimension 2, and it is defined by a fan
whose cones are generated by the vectors

€1,...,9m,€1 + Emt1,.-.,Em + €2m,
—(e1+ - +em), —(ems1 + - +eam), —(e1 + - +eam). (4.5)

By [BS99, Theorem 1.1], all these toric Fano manifolds admit a K&hler-Einstein form.
The next result contains Theorem 1.2 from the introduction.

Theorem 4.9. Let X be a symmetric toric Fano manifold of type Vi, Sy, Xmk
or Win. Then for every p € Clzt!, ..., zX] with supp(p) unimodular and NP(p) =

A_x, we have that p does not satisfy GEC. In particular X does not admit a projec-
tively induced Kdhler-Einstein form.

Proof. Let k > 1 be an integer and denote by Aj the anticanonical polytope of the
del Pezzo Vj. By the description of this polytope in (2.1) and of the fan of this toric
manifold in (4.2) we have

Ap={zeR"|-1<uz,...,2p, 21+ +x, <1}
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The subset ‘
F={rzeAp|x;=(-1)fori=3,...,n}

is a face of Ay because it is given by the equality in some of the inequalities defining

this polytope. This face is an hexagon in the (1, 2)-plane of R™ identifying with that

in Proposition 4.6, namely

F o~ {(x1,20) € R? | =1 < 1, m9, 0 + 29 < 1},
By Proposition 3.19, if the Laurent polynomial p satisfies GEC then this is also the
case for its restriction p|p, which is excluded by Proposition 4.6.
Now for integers 1 < k < m we denote by A, ;, the anticanonical polytope of the
Sakane toric manifold S, . By (4.3) we have
Apr={(z1,.. ., Tm, Y1, -, Ym, 2) ER" | xj,y; > —1fori,j=1,...,m,
—1<z<1l, z14+a2+ -tz <1—kz, y1+ya+-+ym < 1+kz}
The subset of this polytope defined by the equations
= =Tm=Y1 =" =Yn-1=—1
is a face F' that identifies with a trapezoid in the (2m,2m + 1)-plane of R™, namely
F o {(ym,2) €ER* [ 1< ym <m+kz,~1< 2 <1}
As in the previous case, if p satisfies GEC then this is also the case for p|r. Now the
ratios of the lattice length of the two edges of this trapezoid meeting at the lattice
point (—1,1) and its respective adjacent segments are (m+k+1)/(m+ 1) and 1, and
so by Proposition 4.3(2) the condition GEC for p|r is not possible.
Next for integers 0 < k& < m we denote by A, ;, the anticanonical polytope of the
Nakagawa toric manifold X, . By (4.4) we have
A’m,k - {(xlv"wxmayla’ . 'aymvzaw) S Rn
| zj,y; > —1fori,j=1,....m, -1 <z,w,z4+w <1,
Ttz t+ ot xm <1tk yrtye+o Fym <1 - kzh
The subset defined by the equations
T1=X2= ..., Ty =Yl =Yg ="+ =Yy = —1
is a face F' that identifies with an hexagon in the (2m + 1,2m + 2)-plane of R™:
Fe~A{(z,w) €eR?| -1 < z,w,z +w < 1}.
It is the same that appears for the del Pezzo V}’s, and as therein we deduce that p
cannot satisfy GEC.
Finally for an integer m > 1 we let A,, be the anticanonical polytope of the
Batyrev-Selivanova toric manifold W,. By (4.5) we have
Apy={(z1, -, Zm, Y1, Ym) ER" |z, ys, 05 +y; > —1fori=1,...,m,
Lt Ty Y1 Ymy, T T Y+ ym < 1)
The face of this polytope defined by the equations
r1=-=Tma=-1, mty1==Tm-1+Yn-1=-1
is an hexagon in the (m, 2m)-plane:

F =~ {(«Tmaym) € R2 ’ xM7ym7xm +ym 2 _17 $m7$m +ym S m7 ym S 1}7
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When m = 1 this is the hexagon considered in previous cases. When m > 2 the ratios
of the lattice length of the two edges meeting at the lattice point (—1,1) and their
adjacent segments are

1
m+l 49
m
Applying again Proposition 4.3(2) we get that p can neither satisfy GEC in this case.
The last statement is a direct consequence of Corollary 3.20. U

Proof of Corollary 1.5. Let X be a centrally symmetric toric Fano manifold. By
[VK85, Theorem 6] it isomorphic to a product of projective lines and del Pezzo toric
manifolds.

If X is a product of projective lines then its Segre embedding gives a projectively
induced Kahler-Einstein form on it. On the other hand, if X has a del Pezzo factor Vj,
then the anticanonical polytope of V is a face of the anticanonical polytope of X.
Theorem 4.9 and Corollary 3.20 then imply that X does not admit a projectively
induced Kéhler-Einstein form. O

In [NP11] Nill and Paffenholz presented two non-symmetric toric Fano manifolds
in dimensions 7 and 8 admitting a Kéhler-Einstein form. The first is the toric mani-
fold X associated to a fan whose cones are generated by the vectors

7
e1, €2, €3, €4, €5, €6, L7, —e1 — €7, —eg — ey, —e3z — e7, —eq — €5 — €6 + 2e7 € R', (4.6)

whereas the second is the toric manifold X9 associated to a fan whose cones are
generated by the vectors

e1, e, €3, €4, €5, €6, Ter, teg, =(er — es),
—e] —eg,—€ey —eg,—€3 — €8, —€4 — €5 — eg + 2eg € RS. (4.7)

Theorem 4.10. The toric Fano manifolds X1 and X9 do not admit a projectively
induced Kahler-Finstein form.

Proof. Denote by A; the anticanonical polytope of X;, i = 1,2. By (4.6) we have

Ay :{(331,...,.%'7) 6R7 ’ —1<zy,...,26, -1 <7 <1,
T1 + T7, 22 + X7, 83 + T7, T4 + T5 + x5 — 207 < 1}.
The subset of this polytope defined by the equations zo = -+ = g = —1 is a face in
the (1, 7)-plane identifying with a trapezoid:
FoeA(ry,z7) ER? | -1 <, —1<a27<1, o1 +27 <1}

Let p € C[Z"] with supp(p) unimodular. By Proposition 4.3 we have that p|r does
not satisfy GEC, and so p does not satisfy GEC by the hereditary character of this
condition (Proposition 3.19). Hence by Proposition 3.16 we have that X; does not

admit a projectively induced Kéhler-Einstein form.
Similarly by (4.7) we have

Ay ={(x1,...,28) e R8 | -1 <uaz,...,26, =1 < 7,28, 27 — 28 < 1,
T1 + 28,9 + x8, 3 + T8, T4 + T5 + g — 208 < 1}.

The subset defined by the equations x; = --- = 24 = —1 is a face in the (7,8)-plane
identifying with an hexagon:

F~ {(1:7,.1:8) S R? ’ -1 < zr,x8, 07 —xg < 1}.
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As before, we deduce that X5 does not admit a projectively induced Kéhler-Einstein
form. O

Remark 4.11. As is clear from its proof, it is possible to state a GEC version of this
result similar to that in Theorem 4.9.

These examples were generalized by Nakagawa [Nak15], and it would be interesting
to see if the previous analysis extends to this series of non-symmetric toric Fano
manifolds.
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