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ABSTRACT. For many common height functions, the explicit determination of the essential
minimum is an open problem. We consider a classical method to obtain lower bounds that
goes back at least to C.J. Smyth, and a method to obtain upper bounds based on the
knowledge of the limit distribution of integral points. We use an infinite dimensional linear
programming scheme to show that that both methods agree in the limit, by showing that the
principle of strong duality holds in our situation. As a corollary we prove that the essential
minimum can be attained by sequences of algebraic integers.

Recent results by A. Smith and B. Orloski-N. Sardari, furnish a characterization of com-
pactly supported measures that can be approximated by complete sets of conjugates of
algebraic integers, in terms of infinitely many nonnegativity conditions. We establish an
extension of this characterization to measures with non necessarily compact support. As an
application of this result and of strong duality, we show that the essential minimum is a
computable real number when the Green function used to define the height is computable.
We systematically use potential theory for measures that can integrate functions with loga-
rithmic growth.
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1. INTRODUCTION

1.1. The essential minimum. For many common height functions, the explicit determi-
nation of the essential minimum (see (1.3)) is an open problem. We consider a classical
method to obtain lower bounds, that goes back at least to C.J. Smyth, and a method to
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obtain upper bounds based on the knowledge of the limit distribution of integral points used
in | ]. In this work we use an infinite dimensional linear programming scheme to
show that both methods agree in the limit, by showing that the principle of strong duality
holds in our situation. This allows us to prove that the essential minimum can be attained
by sequences of algebraic integers.

We also establish a characterization, in terms of infinitely many nonnegativity conditions, of
probability measures on C with non necessarily compact support that can be approximated, in
a suitable sense, by sequences of complete sets of conjugates of distinct algebraic integers. This
characterization, in the case of measures with compact support, was previously established
by A. Smith and B. Orloski—N. Sardari. As an application of this result and of strong duality,
we show that the essential minimum is a computable real number when the Green function
used to define the height is computable. These issues can be considered on any variety X
defined over a number field, but in this work we will focus in the cases X = P! or X = Al

We proceed to state our results precisely. We denote by Q the set of all algebraic numbers.
Given a € Q, we denote by P,(x) € Z[z] a primitive irreducible polynomial having « as a
root. The polynomial P, is determined by « up to sign. Its set of roots O(«) is called the
complete set of conjugates of .

We say that g: C — R is a Green function, if it is continuous, invariant under complex
conjugation and obeys the asymptotic

(1.1) g(z) =log |z| + o(log |z|), as |z| — oo.
Such functions correspond to metrics on the line bundle O(1) on P! with certain singularities

at infinity (see Section 6.1). We define the height function hy: Q — R associated to such g
by the rule

(1.2) hy(a) = loglas| + Y g(B)

BeO(a)

1
#0(a)
Here, a,, € Z is the leading coefficient of P,.

Height functions measure the arithmetic complexity of algebraic numbers, due to two key
properties: the function hg is bounded from below and for any A, B > 0 the set

{a € Q|hg(a) < A, #0(a) < B} is finite.

The essential minimum of hy is defined as

(1.3) ess(hg) := inf {linrggf hg (ovn)

() € Q is a sequence of distinct algebraic numbers} .

It follows directly from the definitions that inf(hg) < ess(hg). Also, it can be shown that the
image of hg is dense in [ess(hg), 00) (see Remark 6.8), so ess(hg) coincides with the smallest
limit point in he(Q).

When g(z) = log™ |z|, we obtain the Weil (or naive) height hy = hy o+ Clearly hyy > 0
and for any root of unity ¢, it holds hyy(¢) = 0. This shows that inf(hy ) = ess(hy) = 0 and
the closure of the image of hyy is [0, 00).

The essential minimum of a height function plays a role in the subject of equidistribution of
small points. Indeed, a generic sequence of algebraic points is small if its height converges to
the essential minimum. A theorem of Yuan | , Theorem 3.1], subsuming previous results
by many mathematicians, ensures that under an appropriate hypothesis on the essential
minimum, small points are equidistributed with respect to a measure depending only on
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the height under consideration. There are many situations where the hypothesis in Yuan’s
theorem does not hold, and hence the asymptotic distribution of small points is not known.
Very few situations beyond Yuan’s theorem are well understood, see | I, | ]
and [ .

In the case of P! considered here, the hypothesis in Yuan’s theorem boils down to inf(hg) =
ess(hg). However, for many common heights the strict inequality inf(hy) < ess(hg) holds and
both the explicit determination of ess(hg) and the asymptotic distribution of small points,
are open problems. An illustrative example is the Zhang-Zagier height, defined as follows.
Extend the Weil height to A2(@Q) = Q" by h?, (o, B) = hy(a) +hy(B). If X ¢ A? is any
subvariety, we define a height hx on X by hx = (h%v)‘ x- Then, a theorem of Zhang | ]
ensures that ess(hx) > 0 if and only if X does not contain a torsion translate of a toric
subvariety. For concreteness, Zagier took X = {z +y = 1} C A? and studied in | ]
the resulting height, that we denote by hyz. In our framework, identifying X with A! by
projection on one coordinate, the choice

1
et +1_
g(z) = 2(108; 2| +log™ |1 Z|)

leads to a height hy such that hzz = 2h,. In loc. cit., it is obtained a lower bound for
ess(hzz). These results were improved by Doche ([ I, [ 1), who also gives upper
bounds for ess(hyzy), obtaining

(1.4) log(1.2817770214) < ess(hzz) < log(1.289735).

An important height function is the stable Faltings height on elliptic curves. Namely,
hp: Q@ — R is defined as

hF<OC> = hFal(Ea)v

where E, is an elliptic curve with j-invariant j(E,) = « and hp,(E,) is the stable Faltings
height of the elliptic curve E,. This height is also an explicit multiple of h, for an appropriate
g, see section 6.5. In [ ] is obtained a lower bound that shows inf(hp) < ess(hr) and
both lower and upper bounds for ess(hr) are obtained in | ]. In particular, it follows
from loc. cit. that

(1.5) —0.748629 < ess(hp) < —0.748622.

We denote by Z the set of all algebraic integers (recall that o € Q is an algebraic integer
if the polynomial P, can be taken to be monic). In both estimations (1.4) and (1.5), only
algebraic integers were used. A surprising consequence of our main result (Theorem B below)
and our study of limit distributions of algebraic integers (Theorem C below) is that, even
though Q — Z is an infinite set, sequences of algebraic integers are already enough to reach
ess(hg) from above.

Theorem A (Corollary 6.7 and Corollary 6.9). Let g: C — R be a Green function. Then,
hy(Z) is dense in [ess(hg),00). In particular, there exists a sequence (o) C 7Z of distinct
algebraic integers such that hy (o) is monotonically decreasing and infy, hy (o) = ess(hyg).

A direct consequence of this statement is that the essential minimun of the Faltings height
hg, can be attained by a sequence of elliptic curves having good reduction everywhere.
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1.2. Strong duality. The explicit determination of ess(hg) from the definition requires to
exhibit a sequence of small points. That is, a sequence of distinct algebraic numbers (av,)
such that lim,, o he(ay) = ess(hg). For the Weil height, roots of unity do the job. When g
is a radial function, an useful characterization is obtained in | ], in terms of convex
analysis. But for many common heights (such as hyzy and hy) no explicit sequence is known
and the essential minimum remains unknown.

We propose in this article a characterization of the essential minimum in terms of the
common optimal value of two linear optimization problems which are in duality.

We start by reviewing a method to obtain upper bounds used in | |. The basic
idea is to shift from the search of sequences of small points to the determination of measures
describing the expected asymptotic distribution of such sequences. In order to make this
idea rigorous we introduce a class of measures and a notion of convergence adapted to this
situation.

Let P05(C) be the space of probability measures p on C such that

/log+ |z| dp < oo.

We say a function f: C — R has logarithmic growth if there exist constants A, B such
that for all z € C, we have |f(z)] < A + Blog" |z|. We say that a sequence of measures
(n) C Prog(C) converges log-weakly to 1 € Poe(C) if for any continuous function f with
logarithmic growth, it holds that

lim [ fdp, = / fdp.
To any a € Z we attach the probability measure

1
00(a) = 0P, = Z0(0) 66;(&) 0g-

We denote by L@liog((C) the subset of F,,(C) consisting of the limit points of {6 | @ € Z}
in the log-weak topology. Below we give structural information on the space @%g(((:), but for

the moment let us focus on the upper bounds. The basic observation is that for o € Z, the
term log |as| in (1.2) vanishes and so hg () is just the average value of g over O(«). Then, for
any measure j € Pog(C) and sequence (ay,) of distinct algebraic integers such that do(a,,)
log-weakly converges to u, in view of (1.1) we can conclude

nIL%ohg(a") = /gd,u.
Hence,
(1.6) ess(hg) < /gdu and /gdu is in the real closure of hg(Z).

The best upper bound we can obtain this way is

P(g) = inf{/gdu‘u € %%g(@}'
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Now we describe the method to obtain lower bounds. Let Py, ..., Py € Z[z] be polynomials
with integer coefficients and let aq,...,a; be non negative real numbers. Set

k
f(2) =8(2) = )_ailog|Pi(2)].
i=1

The basic observation in Smyth’s method | ] is that for every o € Q that is not a zero
of any of the polynomials P;, it holds

h > inf .
g(a) = inf f(z)
Hence, ess(hg) > inf f. The best lower bound that we can obtain in this way is
k
D(g) = inf (g() = Y ailog | Pi(2)])
(8) = sup {;gc o(2) = 2 oilog B

Our next result is that both D(g) and P(g) attain the essential minimum.

kZO,aZ'ERZ(),PZ'EZ[x]}.

Theorem B (Strong duality, Theorem 6.6). Let g: C — R be a Green function. Then
D(g) = ess(hg) = P(g).

Assuming g is subharmonic and g(z) = log|z| + a + o(1) at infinity, the equality D(g) =
ess(g) is the specialization to P! of a theorem of Ballay | , Theorem 1.2]. Our result
gives a new proof of this special case.

Our method of proof of Theorem B is based on the interpretation of P(g) and D(g) as
the optimal values of two linear programming problems which are in duality. They are akin
to those considered by Smyth [ ], Smith [ ] and Orloski-Sardari-Smith | | in
their works on totally real algebraic integers of small trace, which were indeed a major source
of inspiration for this part of our work. The weak duality D(g) < P(g) trivially holds. The
content of Theorem B is the statement that the strong duality D(g) = P(g) holds.

1.3. Approximation of measures by algebraic integers. Smyth in | | shows that
the smallest limit point of the image of the Weil height restricted to totally real algebraic
integers is upper bounded by an integral similar to (1.6), for a certain explicit measure p
on the real line. He constructs his p by first constructing an explicit sequence of points
with small asymptotic height and then computing their limit distribution. In this work, in
contrast, we require to be able to decide whether a given measure p belongs to gzl%g((C)
without necessarily constructing the sequence of small points. In a recent breakthrough,
Smith and Orloski—Sardari obtain an useful characterization of this kind for measures of
compact support. We extend their characterization to the case of non necessarily compact
support, which allows us to obtain structural information on the space W%g((@). We proceed
to review the compact support setting and then present our results.

We first remark that for our method on upper bounds to work, the approximation of
measures by algebraic integers in the traditional weak-* topology is unsuitable. Indeed, weak
convergence allows only for test functions which are continuous and bounded, and our g does
not belong to such space. We are thus led to strengthen the required notion of approximation.
A first possibility is to consider the proper convergence: a sequence of measures (ju,,) properly
converges to a measure y if () weakly converges to p and moreover there exists a compact
set K such that supp(u,) C K for all n. Also, we denote by Z.(C) the space of probability
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measures on C with compact support, endowed with the topology of the proper convergence.
We denote by £2%(C) the subset of Z.(C) consisting of the limit points of {60(a) | € Z}
in the topology of the proper convergence.

A plethora of measures in Z%(C) can be constructed using potential theory. Indeed, let
K C C be a compact set which is conjugation invariant and assume that the capacity of K
satisfies cap(K) = 1. We denote by pgx the equilibrium measure of K. Then, combining a

landmark result by Fekete and Szeg [ ] and a theorem of Rumely in | |, it can
be shown that pux € PZ(C) (see Section 2.1). Moreover, among the measures with support
in a compact set K with cap(K) = 1 and invariant under complex conjugation, only the
equilibrium measure px belongs to 2Z(C).

Smith and Orloski-Sardari provide an elegant characterization of the set @?(C). The
following statement is a weak version of | , Theorem 1.5] and | , Theorem 1.2] (in
fact, they prove stronger statements in the Fekete-Szegd vein, see Remark 2.9).

Theorem 1.1 (Smith, Orloski-Sardari). Assume p € Z(C) is invariant under complex
conjugation. Then, u € P%(C) if and only if

[ 101Qld = 0. for any Q € Zla],

This characterization directly implies that 22%(C) is a convex set and that ux € 2%(C)
for every compact conjugation invariant K with cap(K) > 1. On the other hand, Fekete
[ ] showed that whenever K has cap(K) < 1, there is an open neighborhood U of K
such that only finitely many complete sets of conjugates of algebraic integers lie inside U. In
particular, jur ¢ 2%(C) for such K.

Recall that for any p € Z.(C), the potential U*: C — R U {oo} is defined as

(1.7) Ut(z) = /log

Our next result is an extension of Theorem 1.1 beyond measures of compact support.
We focus on the space Pq(C), which is the largest class of probability measures p on
C, with support non necessarily compact such that (1.7) is still a well defined function.
Aspects of potential theory in (C) have been developed for some time, see for example
[ Al ]. We show that Ut" — U* as distributions if and only if p, — p
log-weakly (combine Proposition 2.14, Lemma 2.4 and Lemma 2.1 in the text), so arguably
the log-weak convergence is the right topology on #,,(C) to do potential theory.

We prove that

W] dp(w).

Theorem C (Theorem 4.1). Assume p € Piog(C) is invariant under complex conjugation.
Then, j € @%g(((:) if and only if

(1.8) /log |Q|dp > 0 for any Q € Z[z].

As before, we deduce from Theorem C that ﬁzg(((j) is a convex set.
Even though (1.8) may seem daunting because it refers to infinitely many inequalities,
we can construct a countable (log-weakly) dense set of elements in ﬁzl%g((C) as follows. Let

P # @ € Z[z] be two monic and irreducible polynomials. We denote by up¢g the probability
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[P(z) Q)|
Urre(z) = —1 :
(2) Ogmax{degP’ deg@Q + 1
It is supported on the compact lemniscate {z € C||P(z)|9“*! = |Q(z)|9*¢ "} and is nothing
but the pullback of the Haar measure on the unit circle by the rational map

PdegQ+1/QdegP: Pl — Pl.

We show that ppg belongs to @%g((:) and the set of all such measures is dense in ﬁlzog((j)
with respect to the log-weak topology (Proposition 7.9). This gives a partial answer to (the
analogue in our context of) a question of Sarnak alluded to in | , Section 1.1].

Also, we establish a characterization of the log-weak closure of the set of equilibrium

measures of capacity one compact sets as the set of measures with negative potential.

measure such that

Theorem D (Theorem 4.4). Let 1 € Pog(C). Then, the followings are equivalent
(1) U* <o,
(2) there exists a sequence of compact subsets K, of capacity one, such that pg, — p
log-weakly.

We remark that not all measures satisfying the equivalent conditions in Theorem D have
compact support. A first example would be the measure pupg induced by the Fubini-Study
form
i dzdz
2w ([2]2+1)2
that is clearly not compactly supported. On the other hand, urg has potential

WFS

1
045 (2) = — log(1 + |#I%) <0,

SO Ups € Qzl%g(@) by Corollary 4.3.

Also, using Theorem D, we can deduce that the measures obtained from the Fekete-Szegd
construction and Rumely’s theorem do not exhaust all the elements in ,@%g((C). Indeed,
consider the measure pp, g, for the choice Py(z) = 2 —1,Qo(z) = 2 —z+1. Since Py(1/2) =
—1/2,Q0(1/2) = 3/4, we see that U020 (1/2) > 0. By Theorem D, this measure cannot be
log-weakly approximated by equilibrium measures of compact sets of capacity one.

In | ], it was used the upper bound

(1.9)
ess(hy) < inf { [ i

In view of Theorem D and the previous discussion, the closure of the space of conjugation
invariant measures of the form px with cap(K) = 1 is strictly contained in Ql%g(@), so for
many functions g the bound (1.9) will not reach ess(hg). See Section 6.4 for an example.

K is a conjugation invariant compact set with cap(K) = 1}

1.4. Computability of the essential minimum. With regards to the Zhang-Zagier height
and the Faltings height discussed at the beginning, a practical algorithm to obtain, in a
reasonable time frame, higher accuracy in the estimations (1.4) or (1.5), is not currently
known. In practice, after a few iterations, both Smyth’s lower bound procedure and the
upper bounds procedure described here reach a point where it is unclear how to continue, due
to the extremely big size of the search space and the lack of an efficient criterion to find the
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optimal direction (e.g. see the discussions in | , Section 3], | , Section 5], | ,
p.110] and | , Ancillary file']).

Loosely speaking, a real number A is computable if there exist an algorithm that, for any
given precision, after a finite number of steps gives a rational approximation of A within the
required precision. Here, the algorithm is not constrained to run in a reasonable time frame,
in any sense. Even so, the set of computable real numbers is countable, so most real numbers
are not computable. In view of the previous discussion, this raises the following question: is
the essential minimum a computable real number? That is, does there exists an algorithm
that, in a finite amount of time, gives us the essential minimum with arbitrary precision?

As a consequence of Theorems B and C, we can show the following computability result.

Theorem E (Theorem 7.6). Let g: C — R be a computable Green function. Then ess(hg)
is a computable real number.

We refer the reader to Section 7 for the precise definitions of computability we use here.
The idea is to show that both D(g) and P(g) can be taken inside a computable countable set
(Proposition 6.10 and Proposition 7.9). Hence, one can set up an algorithm producing an in-
creasing sequence of lower bounds by day and a decreasing sequence of upper bounds by night.
When the bounds are less-than-epsilon apart, the procedure has found an approximation of
the required precision.

We remark that both upper and lower bounds are required in order to have a halting
criterion. On the other hand, the algorithm in our proof depends on a choice of enumeration
of the aforementioned countable sets, so it is hopelessly ineffective.

1.5. Methods and organization of the paper. In Section 2 we review the preliminaries
on potential theory (for non-compactly supported measures) and the theorems on limit distri-
bution of algebraic integers by Fekete—Szeg6 and by Smith and Orloski—Sardari. We establish
basic properties of the log-weak convergence. In particular, we show that we can do diagonal
arguments in this topology. We also recall the LllOC convergence and prove that the log-weak
convergence of measures corresponds to the distributional convergence of potentials.

In Section 3 we define the sweetened truncation and prove related technical estimates. In
the proof of both Theorems B and C we use the technique of sweetened truncation to reduce
to the case of compact support. The construction inspired in Smith’s concept of sweetened
measure | , Definition 5.5]. The idea is, if 4 € P,(C) and R > 1, then the sweetened
truncation p" will be a measure whose support is contained in the ball {]z\ < R} and have
two key properties: whenever y satisfies (1.8), then u%y also satisfies (1.8) and p%" —
log-weakly as R — o0.

In Section 4 we prove Theorem C. Roughly speaking, we use the sweetened truncation to
reduce to the case of compact support, where we can use Theorem 1.1, and then take a limit
when the radius of the truncation grows. In Section 4.2 we prove Theorem D, where a key
ingredient is the LllOC convergence of the previous section.

In Section 5 we prove a strong duality statement for general continuous functions which
are asymptotically logarithmic at infinity.

In Section 6 we introduce the language of Arakelov theory to study heights and relate the
results from the previous section to our context. The output is a proof of Theorem B. Also,
we review in detail the case of the Faltings height (Section 6.5).

1arXiv:1609.00071
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In Section 7 we prove Theorem E. After reviewing the necessary concepts from computabil-
ity theory, the main content of this part is the proof that measures of the form ppg form a

countable log-weak dense subset in W%g((@).

Even though it is not necessary for the proof of Theorem B, for the convenience of the reader
we present in Appendix A a coordinate-free formulation of duality in linear optimization
that allows to place the optimization problems from Section 5 within a general framework,
furnishing a conceptual way to deduce the shape of the dual problem D(g) from the primal
problem P(g).

Acknowledgments. The authors would like to thank Francois Ballay, Nuno Hultberg,
Norman Levenberg, Mayuresh Londhe, Joaquim Ortega Cerda, Cristébal Rojas and Michat
Szachniewicz for illustrating discussions. We thank especially Nuno Hultberg for sharing with
us the example in Section 6.4. We also thank the organizers of the conference “Arithmetic
and Algebraic Geometry week”, held at U. Alexandru Ioan Cuza in September 2025, where
part of this work was carried.

2. POTENTIAL THEORY AND LIMIT DISTRIBUTION OF ALGEBRAIC INTEGERS

2.1. Potential theory on the complex plane and the Fekete—Szeg6é theorem. Let
Z(C) be the set of all probability Borel measures on C and let Z,4(C) be the subspace of
those that can integrate log™ |

Pog(C) = {M € 2(C) ‘ /logJr |z|dp < +oo} .

Let Z.(C) be the set of compactly supported measures. Then Z.(C) C H,4(C).

Potential theory of measures with non-necessarily compact support has been developed
for some time, see for example | 1,1 ]. We recall the basic facts. For any
p € Prog(C), we define its potential function as

z|, i.e.

UF:C—RU{o0}, UM(2) ::/—logw—z[du(w).

We justify that U is well defined as follows: since u can integrate log™ |z|, the integral
f|wiz|>1 —log |w — z| dp(w) is absolutely convergent. On the other hand, the monotone con-

vergence theorem ensures that

/ —log |w — z|du(z) = lim min { M, —log |w — z|} du(w)
lw—z|<1 M

70 J|w—z|<1

is a well defined element in R U {oco}.
Lemma 2.1. Let i € Pog(C). Then, —U* is subharmonic. Hence it is locally integrable.

Proof. The first statement is | , Lemma 3.2] and the second is a classical result on
subharmonic functions. O

To be on the safe side, we next check that Fubini’s theorem can be applied to potentials
of measures in P4 (C).

Lemma 2.2. Let p € Pog(C) and let p € C°(C). Then

[ et@nogle — 2 anwiare) = [ [ o) 1og w - 2| AN duw),
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Proof. It is enough to check that
(2.10) // |¢(2) log Jw — z\*1| dA(z)dp(w) < 400

Since log|z| is locally integrable, the function [ |¢(2)log|w — 2z|71|[dA(z) is a continuous
function on C. Clearly it has logarithmic growth. Since 1 € Po5(C) the condition (2.10) is
satisfied. O

As in the case of compactly supported measures, we recover the measure from the potential.
Lemma 2.3. Let i € Pog(C). Then —AU* =27ty as distributions.
Proof. Let ¢ € C°(C). Then

AU (9) = [ U @A) )
— [[ 108z~ wlA@) @ dutw)dr)
— [[1oglz ~ wlA @)@ @)

- / 2 (w)dp(w)
= 2mp(p).

Here the third equality is Lemma 2.2 and the fourth equality is the identity U2 = —270.
O

We quote a result that will be useful latter.

Lemma 2.4. Let f,,f: C — R U {—00}, n > 0, be subharmonic functions. Then f,
converges to f in LllOC if and only if f, converges to f as distributions.

Proof. | , Theorem 3.2.13]. O

We next recall the definition of capacity and the Fekete—Szegd theorem. The energy of a
measure p as is defined as

1) = [Urap= [ [ ~1oglu - sl dutw)an(z) € RU 00,00}

Let K C C be a compact subset, and let &(K) be the space of all probability measures
supported on K. We say K is polar if I(y) = +o0 for all p € Z(K).

Now assume K is non-polar, then there exists uniquely a measure ux € Z(K) such that
I(pk) = inf e ey I(12) [ , Theorem 3.7.6]. This ux is called the equilibrium measure
of K, and the capacity of K is defined as cap(K) = e 1uK),

Let o be an algebraic number and O(a) = Gal(Q/Q) - a be the Galois orbit of «, that

is the complete set of conjugates of a. Let S C C be a subset, we say « is totally in S if
O(a) CS.

Theorem 2.5 (Fekete-Szeg? | , ). Let K C C be a compact subset. Then

e if cap(K) < 1, then there exists an open neighborhood U of K, such that there are
only finitely many algebraic integers totally in U.
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e if cap(K) > 1 and K is invariant under complex conjugation, then for any open
neighborhood U of K, there are infinitely many algebraic integers totally in U.

Remark 2.6. In the critical case cap(K) = 1, let («,,) be a sequence of algebraic integers
such that O(an) C Ky, = {z | |z —w| < 1/n for some w € K}. Then the sequence of
measures 0p(q,,) converges properly to the equilibrium measure p1x [ , Theorem 1].

2.2. Smith and Orloski—Sardari theorems. When cap(K) > 1, by Fekete-Szeg6 there
will be infinitely many algebraic integers totally contained in any open neighborhood of K
and we would like to know what are the possible accumulation measures describing their
asymptotic distribution. For cap(K) = 1 this is answered by a result of Rumely as in Remark
2.6, while for cap(K') > 1, this is answered in the recent breakthrough by Smith and Orloski—
Sardari.

We say a sequence (pu,) € Z(C) converges weakly to p, if we have for any continuous and
compactly supported function f: C — R,

lim | fdu, = /fd,u.
n—oo

In this notion of convergence we can replace “compactly supported” by “bounded” | ,
Lemma 2.2].

For compactly supported measures there is a stronger notion of convergence. Let u €
Z.(C). We say a sequence (u,) C P(C) converges properly to u, if u, — p weakly and
there exists a compact subset K C C such that for all n, the support of u, is contained in K.
Note that this implies that we have for all continuous function f: C — R,

(2.11) Tim /fdun_/fdu

Let (a,) € Q be a sequence of algebraic numbers. We say O(ay,) converges to u weakly
(resp. properly) if the associated sequence of normalized discrete measures

00(an) = deg an) 56; )5/3

converges to pu weakly (resp. properly).
A reformulation of the result by Smith | , Theorem 1.5] and Orloski-Sardari [ ,
Theorem 1.2] is

Theorem 2.7 (Smith, Orloski-Sardari). Assume pu € P.(C) is invariant under complex
conjugation. Then the following are equivalent

(1) there exists a sequence of distinct algebraic integers (an,) C Z such that O(ay,) con-
verges to p properly,

@) [1og1Qldn 2 0 for any Q € ).

Remark 2.8. Let h: Q — R be the standard Weil height function. Suppose (a,) C Z is a
sequence of distinct algebraic integers such that O(ay,) converges to p properly, then

: _ + _ -
nll_)rgoh(an) —nll}ngo/log 12| ddo(an) = /log |z| dp < oo.

This forces deg(a,) to converge to oo because otherwise it would contradict the Northcott
property.



12 BURGOS GIL, MENARES, QU, AND SOMBRA

Remark 2.9. The original results of Smith and Orloski—Sardari are in fact stronger and are
more of Fekete—Szegd style, in the sense that they prove that for any € > 0 there exists a
sequence of algebraic integers (ay,) that are totally contained in

supp(u): = {z € C| |z — w| < & for some w € supp(u)}.

and such that O(«,) converges weakly to p. This is much stronger that just proper con-
vergence. Besides, when p is supported on R, they prove that the approximating algebraic
integers o, can be chosen to be totally real.

2.3. log-weak convergence of measures. We say a function f: C — R has logarithmic
growth, if there exist constants A, B such that for all z € C, we have |f(2)| < A+ Blog™ |z|.

Definition 2.10. Let {sx, (1tn)} C Piog(C). We say p,, converges log-weakly to p, if for any
continuous function f with logarithmic growth, we have

lim fdun:/fd,u.

n—o0

On the other hand, we say that the sequence (u,) is log-tight if for all ¢ > 0, there exists
a compact set K such that

/ log™ |2] dpun(2) < ¢, for all n.
KC

The following statement follows readily from the definitions.

Lemma 2.11. Let {p, (ttn)} C Plog(C) such that p, converges weakly to p. Then, the
following assertions are equivalent:

i) The sequence (uy) converges log-weakly to u
i1) The sequence () is log-tight
iii) We have that

i [ 1o el dun(2) = [ 1og" 2] du).
We record here the following fact for future use.

Lemma 2.12. Let {un} C Z(C) be a sequence that log-weakly converges to p. Then, for all
polynomials Q(z) € Clz], we have that

/log|Q]d,u > liminf/log|Qd,un.

Proof. Using the monotone convergence theorem and (2.11), we have that
[1o1Qld = tim [ max{ 1, 10g| Q1 d
M—o0

= lim lim /max{—M,log\Q]}d,un,

M —o00 n—o0

the last equality follows from the fact that the function h™(z) = max{—M,log|Q(2)|} is
continuous of logarithmic growth. We conclude by h () > log |Q(2)]. O

It will be useful in what follows to be able to do diagonal arguments when dealing with
weak convergence and log-weak convergence.

Lemma 2.13. Consider {, (tin), (tn,m)} C ZP(C). Assume that



CLOSING THE GAP AROUND THE ESSENTIAL MINIMUM 13

® [, converges weakly to p as n — oo,
e for each n, fin m converges weakly to ji, as m — 00.

Then, there is a diagonal subsequence pin,; m; that converges weakly to p as ¢ — oo.
Moreover, the same holds if we consider fi, fin, and pnm in Peg(C) and replace weak
convergence with log-weak convergence.

Proof. Weak convergence on &(C) is metrizable (e.g. see [ , Theorem 6.8], | , Ex-
ample 1V.22-23]), so the first assertion follows formally from a diagonal argument in a metric
space.

Now we prove the second assertion. Using that for all n, the sequence (ftnm )m log-weakly
converges to fi,, we have that there exists k(n) such that for all m > k(n), it holds

1
[ 108" Izl dpaz) = [ 105" 2l dtnn)| < .

Using the first assertion, we extract from {fun ., | m > k(n)} a subsequence v; = fi, m, that
weakly converges to u. We remark that we can assume that n; < n;4; for all i. We will show
that the sequence (v;) converges log-weakly to u. By Lemma 2.11, it is enough to show that
(v;) is log-tight.

Let e > 0. Since () is log-tight, there exists a compact set K such that for all n, we have
that [y log" |z|dun(z) < 5. On the other hand, since (1;) and (u,) have the same weak

3
limit, there is ig such that for all i > iy, we have that

/ log* |z] dptn, (2) —/ log™ |z dv;(2)
K K

<&
3
Then, for all 7 > i,

/ log™ |z| dv;(2) = </log+ |z| dv;(2) — /logJr |z d,uni(z)> —i—/ log™ |2] dpn, (2)
(& KC

N (/Klogﬂz!dum(Z)—/Klog+‘z’dw(z))

P
n; 3 3

Since n; > i, we conclude that for all ¢ > max {ig, %}, we have that

/ log™ |2 dvi(2) < e,
KC
as desired. 0

2.4. Subharmonic functions and LllOC convergence. Let f,,f: C — R, n > 0, be
functions that are locally integrable. We say that the sequence (f,,) converges to f in Llloc, if
for any z € C, there exists an open neighborhood U of x such that

i [ 17, - flar=o.
U

n—oo

where A is the usual Lebesgue measure on the complex plane. In this section we show that

the log-weak convergence of measures corresponds exactly to LllOC convergence of potentials.

Proposition 2.14. Let i € P1o5(C) and let (1) C Piog(C) be a sequence. The sequence

(i) converges log-weakly to p if and only if the sequence (U*™) converges to U* in L. .
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Proof. We start by the direct implication. By Lemmas 2.1 and 2.4 we need only to show that
Uknr — UM as distributions. Taking ¢ € C2°(C) and using Lemma 2.2, we have that

Tim [ p(:)U" (:)4\(=) = lim J(/‘ )log |2 — w|~dpn (w)dA(2)
= im [ e(2)loglz ~ ul A G)dpnw)

= [[ ee)t0g = wl rE(w)

— [[ ee)togz ~ ul dutw)ar)

_ / () U™ (2)dA(z).

The third equality follows from the fact that the function
wb—>/ 2)log |z — w|tdA(2)

is continuous of logarithmic growth and the hypothesis of log-weak convergence.
Now we prove the reverse implication. By Lemma 2.3 we have that A(—U*) = 2mwp

as distributions. Now assume U#r — U* in LllOC It follows that AU#» — AU* as

distributions. We conclude that p, — p as distributions. Since C2°(C) is uniformly dense
in the space of compactly supported continuous functions, this implies that u, — p weakly.
By Lemma 2.11 it only remains to be proven that

(2.12) li_)m /logJr |z| dpn(2) = /log+ |z du(2).
Let f: C — R be a smooth subharmonic function such that |log®™ —f| is bounded and
iA f = hd,
27

where d\ is the Lebesgue measure and h is a smooth function with compact support. Using
Lemma 2.2 and the convergence in L%OC, we have that

T [ () = tim [ [1og |2 = wlh(w)drw)du(z)
= lim // log |z — w|dpy (2)h(w)dA(w)

n—oo

~ fim — / U (1) h(w)dA(w)

n—oo

- / 0¥ (w)h(w)dA(w)

By a similar reasoning, the last quantity is [ f(z)du(z). Since f(z) —log™ |2 is continuous
and bounded, by weak convergence we deduce (2.12). O
3. THE SWEETENED TRUNCATION

The goal of this section is to define the sweetened truncation and prove technical lemmas
and propositions that are related to it. They will be used the the next sections.
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3.1. Sweetened truncation. Let u € ,,(C) be a probability measure. For any R > 1,
we want to produce a new probability measure p%’, whose support is contained in the ball
{lz| £ R} and such that u3’ converges to u log-weakly as R goes to co. The naive candidate
for such a truncation is

KR = bl{z<ry + (1 = mR)Asg,
where mp = ({]z] < R}) and Ag, is the equilibrium measure on {\z| = R}. We want to
refine the truncation is such a way that, if u satisfies condition (2) in Theorem 4.1, then the

measure (7 still satisfies the same condition. The following definition is inspired in Smith’s
concept of sweetened measure, see [ , Definition 5.5].

Definition 3.1. Let y € P,4(C) be a probability measure. Let R > 1 and set

log R

TR::/ log™ |z|dy, Lr :==2(1 —mpg)log2+Tr, N == —————.
e |2ldp ( ) "R =R T In

We define the sweetened truncation u%’ as

(3.13) HR = Nril{z1<r) + (1 — MRrNR)Asy-

Proposition 3.2. Let u € P4(C). Then,

(1) u%y converges to p log-weakly as R goes to co.

(2) It holds UFR < nrUH. In particular, if [log|Q|du > 0 for some Q € Z[z], then we
also have [log|Q|dusy > 0.

(3) If v is conjugation invariant, then p3y is conjugation invariant as well.

We will prove this statement after the following Lemma.
Lemma 3.3. The naive truncation p’y satisfies UFr < UM+ Lp.

Proof. Assume R > 1. Note that

UFR(z) — UM (2) = / log |z — w|dp(w) — (1 — mpg) logmax {|z], R}.

|lw|>R

Assume |z| < R. Then for all w with |w| > R, we have |z —w| < |2| + |w| < 2|w| and hence

U“h(z)—U“(z):/ log|z — w|du(w) — (1 —mpg)log R

|lw|>R

< / log |2uw] du(w)
|w|>R

< Lg.
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Assume now |z| > R. Then,

Utn(z) — UM (z) = /| ol —wldn(w) = (1= mp) og -

= |w|>Rlog )1 - %‘ dp(w)

log‘l— %) dp(w) +/

log ‘1 - E‘ dp(w)
|2|>|w|>R z

lw|>[z|>R

/ log
w|>|z|>R

/ log |2w| dp(w) + / log 2 dpu(w)
|lw|>R
R-

IA

2
w‘ dp(w) +/ log 2 du(w)
R |22 w|>R

IA

|lw|>R

L

0

Proof of Proposition 3.2. Item (3) follows readily from the definitions. Now we show (1). It
is easy to see from (3.13) that p$y" converges to pu weakly as R goes to co. So it remains to
test against log™ |2|:

/ log™ || iy — / log™ || du

= (1 —mpng)log R+ (nr — 1)/

log™ |z dp — / log™ | 2| dp.
|z|<R |z|>R

Clearly the last two terms vanish when R goes to co. With regards to the first term, we have
that

log R
log R+ Lg
Then, the estimate 0 < (1 —mpg)log R < Tr shows that (3.14) also vanishes as R — oo.
Now we prove (2). For the first assertion, we use Lemma 3.3
UME = npUMr + (1 — nr)U*sn
< nrRU" +nrLr — (1 —ngr)log R
= nrU".

(3.14) (1 —mpngr)log R = ((1—mg)log R+ Lg)

For the second one, let a € Z be the leading coefficient of Q) and ay, ..., a, be the roots of
Q. Then

/ log |Q| duy = loga| — 3 UH (a)
> nrloglal —nr Y U (o)

> nR/log\Qldu

> 0.
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3.2. Sweetened truncation and asymptotically logarithmic functions.

Definition 3.4. A function g: C — R is called asymptotically logarithmic at infinity, if it
obeys the asymptotic

g(z) =log|z| + o(log |z|), as |z| — 0.
A Green function is a function g: C — R which is continuous, invariant under complex

conjugation and asymptotically logarithmic at infinity.

Such Green functions arise when considering singular metrics on O(1) (see Remark 6.1).
The purpose of this section is to prove the following statement.

Proposition 3.5. Let g: C — R be a continuous function that is asymptotically logarithmic.
Let () be a sequence of probability measures on C such that

limsup/gd,un < 00.

n—oo

Then, for all € > 0 there exists R > 1 such that

(3.15) limsup/gduZ‘iVR < lirnsup/gdun +e.

n—o0 n—o0

Let f: C — R-q be a continuous function. We say that a sequence (u,) is f-tight, if

lim Sup/ |f| dpyn, = 0.
l2|>R

R—00 neN

If we set f = log™ |z|, we recover log-tightness as in Definition 3.16. We say a sequence (uy,)
is tight, if it is 1-tight.
The following elementary statement follows directly from the definitions.

Lemma 3.6. Let f,h: C — R~ be continuous functions with h = o(f) as |z] — oo.
Suppose we have a sequence () C P(C) such that

sup/|f|dun < 4o00.
neN

Then (pn,) is h-tight.
Proof of Proposition 3.5. The hypotheses imply

lim sup/log+ |2| dpp, < 400,

n—oo

so we may assume that

(3.16) sup/logJr |z| dpp, < +o00.
neN
Since 1 = o(log |z|) when |z| — o0, we have (u,,) is tight by Lemma 3.6. Using Prohorov’s
theorem | , Theorem 5.1], we can assume, after taking a subsequence if necessary, that
there is a probability measure po, on C such that p, converges weakly to p. In particular,
we know that ps, can integrate log™ |z|, because

(3.17) /log+ 12| dptoo < limsup/log;+ |z dper, < 0.

n—oo
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Set En g = [ gdu'yr — [ gdpn. In order to prove (3.15) it is enough to show that
(3.18) limsup limsup £, g <0

R—oo n—o©

We break the proof of (3.18) in several steps.
Claim 1. We have that
lim limsup u,{|z| > R}log R = 0.
R—00 p—oo
Indeed,
0< limsupun{]z\ > R} log R
n—oo

< po{|z| = R} log R

< / log™ |z] dpteo.
>R

Here the second inequality follows from the Portmanteau theorem | , Theorem 2.1 (iii)],
because fi, converges weakly to (oo and the set {|z| > R} is closed. Since (3.17) implies that
the last term vanishes when R — oo, this proves the claim.

Claim 2. There exists M > 0 such that

{Lnp, Tor | n>1,R>1} C[0, M].

We see directly from the definitions that L, g,T, r > 0. Also, T, r is bounded because of
(3.16). On the other hand,

L, r=2(1—mpr)log2+ / log™ | 2| dpn,
[2|>R

< 2log2 + /logJr |z| dpen

<2log?2+ sup/logJr |z| dug < oo,
k

by (3.16).
Claim 3. We have that

lim sup lim sup ((1 — my, r7n,r) log R — T, ) < 0.

R—oc0 n—o0

Indeed, using Claim 2 we see that

log R
log R+ Lngr
< ((1 — myp,r)log(4R) + Tn,R) — TR
= (1 — my,g)log(4R)

(I —mprMn,r)l0gR—T, R = (1 —my,r)log(4R) + Tn,r) — TR

We conclude by Claim 1.
Claim 4. There exists M’ > 0 such that for all n > 1 and R > 0 it holds
(1 - mn,Rnn,R) logR < M/.

This follows from Claim 2 and Claim 3.

Claim 5. We have that 0 <1 —1n, g < 10%%'
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This follows from 1 —n, r = logé"ﬁ and Claim 2.

Write g = log™ |2] + h, with h = o(log |2|) at infinity.

Claim 6. The sequence ([ hdpup)n>1 is bounded.
This follows from (3.16) and the fact that there exists a constant A > 0 such that
[h(2)] < A(1+log™ |2]).

Let € > 0. Since h = o(log |z|), there exists Ry > 1 such that for all z with |z| > Ry, we
have that h(z) < {37 log|z|. For R > Ry and using Claim 4, we have

En,R :(1 - mn,Rnn,R) /gd)‘SR - /

gdun - (1 - 77n,R) / gdun
[2|>R

|2|I<R

:((1_mn,R77n,R)logR_Tn,R) _(1_77n,R)/| R]og+|2’d,un
z|<

(1= ma ) / hdhs, — /

hd:“’n - (1 - nn,R)/ hd,un‘
lz|>R

lz|<R

<((1 = mun,r0n,r) g R — Tpr) + ¢ — /

hd:un - (1 - nn,R)/ hd,u/n‘
[z|>R

lz|<R

:((1 — mn,Rnn,R) log R — Tn,R) +5+77n,R/

hdp, — (1 — nn’pb)/hdun
|z|>R

By Lemma 3.6 we know that (u,) is h-tight. Combining this information with Claim 3,
Claim 4 and Claim 5, we obtain

limsuplimsup £, g < €.
R—o0 n—00

Since € > 0 is arbitrary, this shows (3.18). O

4. APPROXIMATING MEASURES BY ALGEBRAIC INTEGERS AND BY CAPACITY ONE
COMPACT SETS

4.1. Approximating measures by algebraic integers in the non-compact setting.
The aim of this section is to prove

Theorem 4.1. Assume i € Pog(C) is invariant under complex conjugation. Then, p €

leog((C) if and only if

(4.19) /log |Q| dp > 0 for any Q € Z[z].

It extends the Smith—Orloski-Sardari Theorem 2.7 to non-compactly supported measures
that can integrate functions of logarithmic growth. In the setting of non-compactly supported
measures, proper convergence does not make sense. Also weak convergence is not appropriate
because any probability measure can be written as the weak limit of a sequence of Galois
orbits of integers. In particular a weak limit of measures satisfying condition (4.19) does not
need to satisfy the same condition (e.g. see the example at the end of Section 6.2). The
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main result of this section shows that the notion of log-weak convergence is the right one for
non-compactly supported measures.

Remark 4.2. Suppose (ay,) C Z is a sequence of distinct algebraic integers such that 00 (an)
converges log-weakly to u, then deg(ay,) converges to oo by the same reason as Remark 2.8.

Before proving Theorem 4.1 we state a direct consequence.

Corollary 4.3. Let p € Pog(C) be a conjugation invariant measure such that U* < 0. Then,

w belongs to leog((:).

Proof. The hypothesis U* < 0 readily implies (4.19) in Theorem 4.1. O

Proof of Theorem 4.1. Assume that p € ,@%g(C). We prove that it satisfies condition (4.19)
by an adaptation of a classical argument to our setting (e.g. see [ , Lemma 1.3.4]). Let
(an) be a sequence of algebraic integers such that (dp(q,)) converges log-weakly to u. We
denote by P,(z) € Z[z] the minimal polynomial of c,. Let @ € Z[x] a non zero polynomial.

Using Lemma 2.12, we have that

[1og1Qap > timint 3" 1og|Q(9).

deg(an
g(a ) Beo(an)
We denote by Res(P,,®) the resultant of P, and Q. Since P, is monic, we have that
[ Res(Pa, Q)| = [scoqay 1Q(B)] (eg. see [3G06, B.1.13]). Hence,
> 10g|Q(B)| = log| Res(Pn, Q)| > 0,

BeO0(an)

the last inequality being due to the fact that Res(P,, Q) is a non zero integer when n is big
enough.

Let now p1 € P0e(C) that is invariant under complex conjugation, and that satisfies con-
dition (4.19). For R > 1, consider the sweetened truncation u$" as in Definition 3.1. By
Proposition 3.2 (2) and (3), we can apply Theorem 2.7 to p%}" in order to conclude that it can
be approximated properly (in particular log-weakly) by Galois orbits of algebraic integers.
Using Proposition 3.2(1) and Lemma 2.13, we can find a diagonal subsequence that converges
to u log-weakly, as desired. O

The classical Fekete—Szegé theorem (Theorem 2.5), plus Rumely’s remark on Bilu’s equidis-

tribution (Remark 2.6), imply that if K C C is a compact subset that is invariant under
complex conjugation and has capacity one, then px € W%g(C). The Smith—Orloski—Sardari
theorem (Theorem 2.7) characterizes all compactly supported ones.

There do exist measures in 22Z

lOg(C) that are not compactly supported. For instance, the
Fubini-Study form

o dzdz
C2m (2|2 +1)2
induces a conjugation invariant measure pps € Pog(C) with potential

WFS

1
U#es(2) = — 5 log(J2[? +1) < 0.

We deduce prg € @Zg(C) by Corollary 4.3.
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4.2. Approximating measures by equilibrium measures of compact sets of capacity
one. Here, we prove

Theorem 4.4. Let 1 € Piog(C). Then, the followings are equivalent
(1) Ur <o,
(2) there exists a sequence of compact subsets Ky, of capacity one, such that pg, converges
log-weakly to .

This theorem characterizes measures with negative potential as the log-weak closure of the
set of equilibrium measures of capacity one compact sets.

Proof of Theorem 4.4. We show first that (1) implies (2). Using the monotone convergence
theorem,

U () = / ~log|z — w|dp(uw)

= lim /min{M,—log[z—w[}d,u(w)

M—o0

= lim lim /min{M,—log|z —w|}dug, (w).
M—r00n—ro0

In the last step we use that the function w +— min {M, —log|z — w|} is continuous and of

logarithmic growth. We deduce U*(z) < 0 from

/min {M,—log |z — w|} duk, (w) < UFEn(z) <0,

the last inequality being due to Frostman’s theorem | , Theorem 3.3.4(a)].

Now we prove that (2) implies (1). First, we claim that there exists a sequence of monic
polynomials P, such that do(p,) converges to p log-weakly.

Indeed, by Proposition 3.2 (1) and Lemma 2.13, we are reduced to prove this assertion
replacing p by a measure ' having compact support K. In that case, we can weakly approx-
imate p' by a sequence of measures (u,) with discrete support .S,, contained in K and of the
form

fhy = Z %53, as, by € Zsy.

SESn n

But then () converges properly and we can take P,(z) == [[,cg (z — )%, thus proving our
claim.

We denote by U, = —iﬁi }iﬁ‘) the potential of dp(p,). Using Proposition 2.14, we have that

U,, converges tto U* in Llloc. Let U,; := min{U,, 0} be the negative part of U,. Since U* < 0,

+
we have that |U,, —U*| < |U,,—U"|, so U,; converges to U* in L. _as well. But U, = —lggg&f’;'

is the potential of the equilibrium measure of the compact set K,, := {z | |P,(z)| < 1}, which
is of capacity one because P, is monic. We conclude by another application of Proposition
2.14. O

5. STRONG DUALITY

Here we present two optimization problems that will be crucial for our study of heights of
algebraic points. They are akin to those considered by Smyth | | and Smith | ] in
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their works on totally real algebraic integers of small trace, which were indeed a major source
of inspiration for the material in this section.

Let g: C — R be a continuous function that is asymptotically logarithmic at co in the
sense of Definition 3.4, and for simplicity fix an enumeration @1, @2, @3, ... of all nonconstant
primitive irreducible polynomials with integer coefficients. We consider the primal problem
and the dual problem respectively defined as

(5.20) P(g) = inf {/gd,u ‘ B € Prog(C), /log |Qn|du >0 for all n € N}

and

(5.21) D(g) = sup inf ( z) — Z an log |Qn(z)|> )

eC
a # neN

the supremum being over the sequences a = (ap)nen in R>o with a, = 0 for all but a finite
number of n’s. We refer to the quantities P(g) and D(g) as the optimal values for these
problems.

Remark 5.1. If g is invariant under the complex conjugation then

P(e) =it { [gdu|ne 2E(0)}.

Indeed, in this case the primal problem can be computed over the measures p € Z,4(C) that
are invariant under the complex conjugation and satisfy [ log|Qy|dp > 0 for all n, which by

Theorem 4.1 coincide with those in L@liog((C).

As explained in Appendix A, this pair of problems is an instance of primal and dual
problems in linear optimization (Example A.4). In particular, they satisfy the weak duality

property.
Proposition 5.2. We have P(g) > D(g).

Proof. This is a particular case of Proposition A.5 but can also be checked directly: for all
1 € Prog(C) such that [log|Qy|dp > 0 for all n and a = (an)nen as in (5.21) we have

/gdu > / =" anlog|Qul) dpu > inf () = Y- anlog 1Qu(2)] )

neN neN
which gives the inequality. O

Our main result in this section shows that these problems satisfy the strong duality prop-
erty, which consists in the equality between their optimal values. Its proof is modelled in that
of Theorem A.7 for the finite dimensional case.

Theorem 5.3. We have D(g) = P(g) € R.

Proof. Let 2], g((C) be the convex set of probability measures on C that integrate all the
functions of the form log |Q;|. For n € N consider the convex subset of R"2 defined as

Vo= {( [an. [1osl@lan.... [1ogi@ulan) | n e Ziy0)}.

and for each A € R consider also the convex subset of R"*2 defined as
Wny)\ = {(t,l‘l,...,l’n) ’ t S )\, Tlye.-y3Tn 2 O}.
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We have that V,, "W, 5 # () if and only if there exists € &, (C) such that Jgdp < X and
[log|Qildp >0,i=1,...,n. Now set

Ap = inf{X € R| V,, N W\ # 0}.

Since g is bounded from below the values [ gdpu for p € Pe(C) are also bounded from below,
and so A, > —o0o. On the other hand, the Dirac delta measure p = 9, for z > 0 satisfies

(5.22) /10g|Qi|dpzlog|Qi(z)| 50, i=1,....n.

In particular A\, < g(z) < 4+o00. Hence A, € R.

Since A, — 1/n < A, the convex subsets V' and W, y _;/, are disjoint, and so by the
hyperplane separation theorem there exists h € (R""2)¥ ~ R"*2 with h # 0 such that
h(p) > h(p') for all p € V;, and p’ € W, 5, 1/, Writing h = (b, —a1, ..., —a,) with b,a; € R
these conditions amount to

n n
(5.23) b/gd,u—Zai/log@i]duth—Zaixi
=1 =1
for all p € #,(C), t <Ay —1/n and 21,...,2, > 0.
Since x; can be arbitrarily large this inequality implies that a; > 0, ¢ =1,...,n, and since
t can also be arbitrarily negative we similarly deduce that b > 0. To exclude the possibility
that b = 0, consider the case z; =0, i = 1,...,n, note that in this situation (5.23) gives

— Zai/log |Qi|dp >0 for all p € @{Og((C).

i=1
Since h # 0, we have a; > 0 for some i € {1,...,n}, in which case the inequality does not

hold for the measure in (5.22). We conclude that b > 0, and so we can assume without loss
of generality that b = 1.

Setting t = A\, — 1/nand 1 =--- =z, = 0 in (5.23) we get
5.24 d ” [ 1 | dp > A ! for all 2.,(C
(5.24) g u—;az 0g|Qil dp > Ay — — for all p € ().

Considering this inequality for u = &, with 2 € C\ Q we get
- 1 _
g(z)_Z;ailOg‘Qi(z)‘ Z/\n—ﬁ for all z € C\ Q,

which extends by density to all z € C. Hence D(g) > A, — 1/n. Therefore
(5.25) limsup A\, < D(g).

n—00

On the other hand we can choose u,, € &, (C) satistying

1
(5.26) [edm<rns s ad [logl@ddu =0, i=1.n.
n
By (5.25)
lim sup / gdu, < D(g).

n—o0
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By Proposition 3.5, for any € > 0 there exists R > 1 such that

fimsup [ 5dpi < Dlg) +<,
n—o0

where (", denotes the sweetened truncation of p, to the ball B = {z € C| |2| < R}

(Definition 3.1). Since all the probability measures ,uﬁZVR are supported on B, up to taking

a subsequence we can assume that they converge properly to a probability measure pr with

support contained in Br. Then

/gduR = lim /ngZWR <D(g) +e¢,
n—00 ’

and by Lemma 2.12 and Proposition 3.2(2) we also have

/log |Qnldur > lirginf/log Q| duyr >0 for all n € N.

Hence up € is a candidate for the primal problem and we deduce P(g) < D(g) + . Taking
e > 0 arbitrarily small we get P(g) < D(g), and we obtain the equality by combining this
with the weak duality property (Proposition 5.2).

To see that P(g) is a real number we use the estimates

—oo < inf g(2) < P(g) < /gduR < o0.

0

Remark 5.4. A related result was proved by Smith for functions on subsets of the real line
with super-logarithm behavior around the point at infinity | , Theorem 5.11]. The proof
is also similar to loc. cit. and consists of two ingredients: the finite dimensional strong duality
and the passage from finite dimensional to infinite dimensional by a limiting process.

The finite dimensional strong duality part shares the same spirit of the proof of Theorem
A.7 in the appendix, which is the standard proof of strong duality for finite dimensional linear
programming. But here we also need some suitable modifications due to the fact that here
we deal with specific infinite dimensional vectors spaces and cones that are not necessarily
closed.

The passage to the limit part is carried out by the technique of sweetened truncation and
related estimations, especially Proposition 3.5.

Remarks 5.5. i) As we will see in Section 6.4, there may not exist a measure realizing
the optimal value P(g). On the other hand, when such measure does exist, it needs
not to be unique. An example is g(z) = log™ |z/2|. In fact, let A, be the equilibrium
measure on the circle {|z| = r}. Then for any r € [1,2] we have that A, € Q%g((:)
and it attains the optimal value of P(g).

i1) More generally, when g(z) is radial (i.e. g(z) = g(|z|) for all z) and g is also sub-
harmonic, the measure A; attains the optimal value of P(g). If we assume further
that g is smooth and strictly subharmonic, then this measure is also unique. We will
not give details here, but these assertions can be proved based on the study of toric
Arakelov geometry established in [ ) , ]
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6. ON THE ESSENTIAL MINIMUM OF HEIGHTS

In this section we recall the Arakelov point of view of the height functions on P! and use the
strong duality theorem to extract some properties for the essential minimum of such heights.

6.1. Arakelov theory on P!. Let P} denote the projective line over Spec(Z) and let £ =
(O(1),]| - |I) be the metrized line bundle on P} consisting of the line bundle O(1) plus the
extra data of a continuous norm on the holomorphic line bundle O(1)(C) over the Riemann
sphere P}(C), that is invariant under complex conjugation. To such metrized line bundle one
associates a height function hz | |, see also | , Section 8,9] for a survey.

Let (zo: z1) be homogeneous coordinates of PL. Then z; is a global section of O(1). Using
the identification P}(C)\(1 : 0) = C, given by (wg: 1) = o = x¢/71, the data of the metric
|| - || is encoded in the so called Green function (of continuous type)

(6.27) g:C— R, z+— —loglzi(z:1)].

This Green function is continuous, invariant under complex conjugation, and there is a neigh-
borhood U of the point (1: 0) € P!(C) such that g(x) — log(x) extends continuously to the
point (1: 0). Clearly this condition is stronger than the condition in Definition 3.4. In fact
any Green function of continuous type defines a continuous norm on O(1), thus the data of
a continuous metric and the data of a Green function of continuous type are equivalent.

Remark 6.1. Already in the work of Faltings leading to the proof of Mordell’s conjecture
[ ], it became apparent that for many arithmetic applications one should not restrict one
self to continuous metrics but also allow for some singularities. In the recent work [ ],
Yuan and Zhang have introduced adelic line bundles on quasi-projective vartieties extending
the notion of heights of points to a very wide class of singular metrics. If we assume that the
metric |- || is singular at the point (1: 0) in such a way that £ defines an adelic line bundle over
the quasi-projective variety A C P! then the associated Green function g satisfies Definition
3.4. The converse is also true, if g is a Green function as in Definition 3.4, then the associated
metrized line bundle is an adelic metrized line bundle over A! in the sense of [ ]

Following Remark 6.1, from now on we will assume that the metrized line bundle £ =
(O(1),]| - ||) defines an adelic line bundle over A! and that g is the associated Green function
given by (6.27). Hence it is a Green function as in Definition 3.4. The height function hz
only depends on g and will be denoted as hg unless we want to stress the Arakelov point of
view.

This height function can be described in very concrete terms. Let o € Q and let P, € Z[x]
be a primitive irreducible polynomial with P,(«) = 0. The polynomial P, is unique up to a
sign. Denote by O(a) C Q the set of zeros of P, and let a, be the leading coefficient of P,.
The height of « is given by

(6.28) hy(a) = degl(a) loglaa| + > ()

BeO(a)
If o € Z then, we can choose P, monic. Therefore
1

(6.29) hg(a) = doa(a) > 8B, acl
BeO(a)
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While for an arbitrary algebraic number we only have the inequality

1
hy(e) 2 oy D &), el

There is another description of the height of an algebraic number as a sum of local contri-
butions that will be useful latter. Let Mg be the set of places of Q, that is

Mo={peZ|p>0 prime} U {oco}.

For each v € Mg let |- |, denote either the usual absolute value of Q if ¥ = oo or the p-adic
absolute value if v # co. The absolute value | - |, extends uniquely to the field C,. For each
v fix an embedding j,: Q — C, and write

‘a|l/ = |ju(a)|V7 o€ @

for a choice of absolute value in Q that extends | - |,.

The alternative description of the height of a is | , Section 1.5.7]
1 +
(6.30) hy(a) = Tole) 3 Z log" Bl | + > &
p prime 3€0(« Be0(a)

Definition 6.2. Let hy be the height function associated with a Green function g. The
essential minimum of hy is

ess(hg) = inf {hm inf hy ()

n—o0

(an) C Q is a sequence of distinct algebraic numbers} .

Remark 6.3. To be as elementary as possible, from now on we will forget about the Arakelov
point of view and focus on the Green function g as the source for the height function. Nev-
ertheless the Arakelov point of view already points out towards many generalizations of the
present work. First, instead of considering the canonical model P}, of ]P’(l@ one can consider
arbitrary models of Pb over Spec(Z) or even more generally one can consider general adelic
line bundles, with different metrics over each place of Q. Second, instead of the open set
Al € P! and the divisor [(1 : 0)] of P! with respect to which the Green function is defined,
one can consider arbitrary divisors of P'. Third, instead of P! one can consider arbitrary
curves or even higher dimensional varieties.

6.2. The essential minimum and linear programming. In this section we relate the
essential minimum of the height function with the linear programming problems D(g) and

P(g)-
Proposition 6.4. The relation ess(hg) > D(g) holds true.

Proof. Recall the product formula
II lalb=1, acQ,

veMg

wich implies that, for a € @X,

(6.31) S loglly =0,

veEMg BEO0(a)
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because H,BEO(a) B € Q. Let @Q;, i = 1,...,n be polynomials with integer coeflicients and
ai,...,ap € R>o. If we show that

zeC

(6.32) ess(hg) > inf ( z)— > ajlog |Q,~(z)|> :
=1

then the proposition will be proved.
If > a;deg(Q;) > 1, then

n
inf _ N . = _
ZHElC <g(z) ;az 0g |Qz(z)’>
and equation (6.32) is trivially true. So we can assume that

(6.33) Zai deg(Q;) < 1.

Write Z for the set of zeroes of the polynomials ();. This is a finite set. Then, by the
product formula, for every a € Q\ Z,

h() deg ;D 2 <1og+|ﬁ|p—zailog|@<ﬁ>|p)

p prime 3€0(« i=1

1 n
+deg(a) > (g(ﬂ)—;ailog!@(m)-

BEO(a)

By (6.33), and the fact that the polynomials @); have integer coefficients, we obtain, for every
prime p,

Zai log |Qi(B)|p < log™ |Blp.
i—1

Therefore
1 -~ _
hy(a) > deg(a) > <g(5)—zai10g|Qi(5)> , a€Q\Z
BeO(a) i=1
This implies that equation (6.32) holds, proving the proposition. ]

Proposition 6.5. The relation ess(hgy) < P(g) holds true.

Proof. Let u € Wlog and take a sequence of distinct algebraic integers (av,)n>1 C Z such that

00(an) converges in the log-weak topology to . Using formula (6.29) and the fact that g is a
continuous function of logarithmic growth, we have that

lim hg(o ):liml) Z g(p):/gdu.

n—00 n—00 deg(an peOtan)
Qn

Hence,
ess(hg) S 1nf /gdu.
©

log

0

Putting together Propositions 6.4 and 6.5 with Theorem 5.3 we obtain the main theorem
of this section.
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Theorem 6.6. Let g be a Green function. Then,
D(g) = ess(hg) = P(g).

A direct consequence of Theorem 6.6 is that the essential minimum can be reached by a
sequence of algebraic integers.

Corollary 6.7. There exists a sequence of distinct algebraic integers (o) C Z such that
hg (o) is monotonically decreasing and inf, hy (o) = ess(hyg).

Remark 6.8. The fact that hy(Q) is dense in [ess(hg), c0) can be obtained as a consequence
of Szachniewicz | , Theorem A] that uses the theory of globally valued fields. As another
consequence of our previous results, here we can refine this statement to Z.

Corollary 6.9. Let g: C — R be a Green function. Then, hye(Z) is dense in [ess(hg), 00).
Proof. By (1.6), the set

M = {/gdu‘uec@%g(c)}

is contained in the closure of hy(Z). From Theorem 4.1 we deduce that M is a convex subset
of R, hence an interval. In view of Theorem 6.6, such interval contains (ess(hg),00), as
desired. O

6.3. Asymptotic maximal slope. In this section we prove that in the dual problem we
can reduce to linear combinations with rational coefficients. This has two applications. The
first one is to relate the essential minimum with another Arakelov theory invariant called

the assymptotic maximal slope and the second one is the left computability of the essential
minimum as we will see in section 7. Consider the rational dual problems

k
Dq(g) = sup {;Telé (g(z) —) a;log \Qi(z)D a; € Qx0,Q; € Zz], Y a;deg(Qs) < 1} :
i=1

and

zeC

k
D(,@(g) ‘= sup {inf (g(z) — Zai log ‘QZ(Z)D a; € @20, Q; € Z[l‘}, Zai deg(Qi) < 1} .
i=1

Clearly D(g) > Dg(g) > Dy(g)-
Proposition 6.10. The equalities D(g) = Dg(g) = Dy (g) hold.
Proof. Let n > 1 and take a = (ay,...,a,) € RYj and (Q1,...,Qn) € (Z[z])". Let

pa(2) = g(2) = ) ailog|Qi(2)|.
i=1

Then, it is enough to show that for any € > 0 and any a € R, there exists b € Q% with
>, bideg Q; < 1 such that

(6.34) inf pa <infyp + €.
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Relation (6.34) holds trivially if inf o5 = —co ora = 0 € R", so we can assume inf g5 > —o0
and a; # 0 for all . Then, necessarily

(6.35) D aidegQ; < 1.

i=1
Let U be an open and bounded neighborhood of the set of zeroes of []""_; Q;(xz) such that for
all z € U, it holds

(6.36) i o < 1(2) 3 g { 5 log Q)] og @42}
=1

Choose R > 1 big enough so that log|Q;(z)| > 0 for all |z| > R and i = 1,...,n. Set
K =Un{[z| < R}. Since K is a compact set, there exist b € Q% such that

a; . . .
< b; . > —E.
5 b; < a; for all i and xlgf ob(z) xlgf va(x) — &

In particular, in view of (6.35) we have that

n
6.37 b; d ; <1 and inf > inf @, — €.
( ) ; ideg Q; < 1 an zng Sob(z) Z NI @Pa — €
On the other hand, we claim that
6.38 inf > inf @g,.
(6.38) inf ¢b(2) 2 inf pa

Indeed, due to the choice of the b; we have
= 1
pul) 2 1(z) = 3 {§ gy 4)] o Q421 |
i=1

so the claim follows from (6.36). Finally, for z such that |z| > R we have

n

ob(2) — palz) = D (a; — b;)log |Qi(z)| > 0,
=1

thus inf|,|> g ¥b(2) > inf pa. This estimate, together with (6.37) and (6.38), imply (6.34). [

We now consider on P} the line bundles O(n) = O(1)®". The metric on O(1) induces
metrics on each O(n). For each global section s € H(PL, O(n)) the sup norm is defined as

[s]loc =" sup _[|s(z)]-
2€P1(C)

The asymptotic mazximal slope of L is defined as by

_ 1
a(L) = sup _ 08118l HSHOO
n>1 n
SEHO(P%,O(H))
By unfolding the definitions, one can see that
f(L) = Do(g),

which implies the next result.
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Corollary 6.11. The equality ji(L) = ess(hz) is satisfied.

Remark 6.12. When g is subharmonic and g(z) = log |z| + a + o(1) at infinity, this equality

is the specialization to P! of a result of Ballay | , Theorem 1.2]. Yuan conjectured a
more general version of the result in loc. cit., see | , Conjecture 5.3.5]. This conjecture
has been established in some cases beyond | , Theorem 1.2], see | , Theorem 1.8]
and [ , Theorem 5.3.6].

6.4. An example with no minimizer. In this subsection we present an example due to
Nuno Hultberg, where the infimum

inf / gdu
pe2?L (C)

log

is not attained by any measure pg € ﬂlzog((:). Consider the automorphism f: P! — P!,
x +— =1+ 2. In homogeneous coordinates is given by (zo: x1) — (21 +2z0: z0) under the
identification (z : 1) = (zg: #1). Let £ = (O(1), - [lcan), Where the canonical metric || - ||can
is the metric whose Green function is log™. Consider the hermitian line bundle f*£. By the

projection formula h L= hzof, we see that

ess(hy.z) = esshz = 0.
The Green function associated with f*L is g(z) = log™ |z~ + 2| + log|z|. In particular,
Theorem 6.6 applies to h P

Assume there exists pg € ,@%g((@) such that [gdug = ess(hg) = 0. Then there exists a
sequence of distinct algebraic integers () such that dp(q,,) converges to po in the log-weak
sense. Therefore hy(a,,) converges to [ gdug = 0. Using the projection formula and Bilu’s
equidistribution theorem | , Theorem 1.1], we see that 00(ay,) must converge weakly to
f*ug1, which forces pg = f*ug1. However,

/log+ |27t 42| +log |2| df* g1 (2) = /logJr It| +log |t — 2| dug: (t)

—— [1oglt ~ 2ldusi (1
=—log2 # 0,
which is a contradiction. B
The preceeding argument also shows that f*ug ¢ @%g(C), even though pg1 does belong

to L

jog(C). To see this more concretely, consider the polynomial

"t — 2 41
r—1

P, (x) = € Z[z]

and let o, be aroot of P,. Then f~1(a,) is an algebraic integer and the sequence hy(f~!(a,)) =
hz(an), n > 1, converges to zero when n goes to co. If we look at the Galois orbit of f~!(ay,),
there are n— 1 conjugates of f~!(a;,) that are close to the support of f*jg1, yet the remaining
conjugate goes to infinity at the speed of 2". Therefore dp(f-1(a,,)) converges weakly to f*pg1
but does not converge log-weakly. The situation is similar to Autissier’s counterexample

[ ] showing that logarithmic equidistribution of small points is not true in general.
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In this example, it also happens that the essential minimum is strictly smaller than
(6.39) inf { / gdug ‘ K is a conjugation invariant compact set of capacity one} .

Indeed,
g(z) =log™ |27t + 2| + log|z| = log |z| +log2 + o(1) as z — oc.

Let fioo = %Ag = f*ugi. Then g(z) = —UH>~ + log(2) and for any probability measure p,

/gd,u:log2+/—U“°°d,u:log2+/—U“d,uoo.

If 41 is equilibrium measure of a capacity one set, then —U* > 0, and we will have [gdu >
log2. So (6.39) cannot be the true essential minimum (which is 0).

6.5. The essential minimum of Faltings’ height. Let I' = SLy(Z) and consider the
associated modular curve Y, which is defined over Q. Note that Y (Q) is in bijection with
the set of isomorphism classes of elliptic curves over Q. Let X be the compactification of Y.
There is a line bundle Mjs on X such that HO(X, M%") ~ Mj9,(T",Q) as Hecke modules,
where the latter is the Q-space of modular forms of weight 12n and level 1 with rational
Fourier coefficients.

We have a canonical integral model (X/Z, ./\/112) of (X/Q, Mlg). Note that HO()C', nMig) ~
M2, (T, Z) as Hecke modules, where the latter is the abelian group of modular forms of weight
12n and level 1 with integral Fourier coefficients.

The Petersson metric || - ||pet on Mi2(C) is defined as || f||pet(7) = |f(7)|(47 ImT)ﬁ, ie.

taking (477 Im 7')6 as metric weight, where f is any modular form of weight 12 and level 1
and 7 € H:= {z € C | Im(z) > 0} is a point in the Poincaré upper half plane. The function
Il fllpet(7) is invariant under the action of I' and descents to a function on Y (C). We also
define the Lo-norm on Mi2(C) by

17llze = / 1/ llpet dtinyp-
Y(C)

Here, finyp is the hyperbolic measure on Y (C) normalized such that it is a probability
measure.

Let Mig := (M, || - ||pet). Then, the Faltings height can be brought to our framework by
the relation | , Section 2.1]

hr(a) = % hM—n(a).

Remark 6.13. This height is in fact the stable Faltings height of the elliptic curve of j-
invariant «, and can also be defined using the Hodge bundle equipped a canonical metric
[ , Theorem 5.5.1].

The j-function induces an isomorphism j: X & IP’% over Z, where

e the cusp point corresponds to oo,
e the automorphic bundle M3 corresponds to O(1),
e the modular discriminant A € H°(X', M5) corresponds to the section z1 € H°(P}, O(1)).
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Let || - ||nyp be the metric on O(1)(C) corresponding to the Petersson metric on M;2(C) and
let gnyp: C — R be the induced Green function. By the previous identifications it is given

by
Shyp(2) = —log [|A(72)|pet,

where 7, € H is sent to z by j. Note that we have the asymptotic estimate | ,
Section 3.2]

ehyp(2) = log 2| — 6loglog |2 + O(1),  as |2| — o0,

SO ghyp is a Green function in the sense of Definition 3.4. Thus Theorem 6.6 and Corollary
6.11 apply and we get

Theorem 6.14.

1
sup _loglIsllnypoo _ 12ess(hp) =  inf /ghyp dp.
n>1 n L M()

seH? (P%,0(n))

Theorem 6.15. Let @Zg (y(@)) be the set of probability measures that can be approxrimated
log-weakly by Galois orbits in Y(Z). Then

log ||f||Pet,oo _ log HfHL2
sup - = sup e
n>1 n n>1 n
f€M12n(F,Z) f€M12n(sz)
= 12ess(hp)
— it [ —log) Al dn
neZZ, (¥(0)
Proof. The first equality follows from | , Lemma 3.4.5], where it is proved that the
distorsion of sup-norm and L?-norm is subexponential. The rest are just a reformulation of
Theorem 6.14. (|
Remark 6.16. In [ |, the authors used
log || f{lpet, 00 . /
su ——————— < 12ess(hp) < inf hvp UK
nzli n ( ) cap(K)=1 Bhyp A4
feMi2,(T,Z)

to give numerical estimates of ess(hp). Here we have proved that the lower bound indeed
reaches ess(hp), while for the upper bound to reach ess(hp), we may need to consider more
Z

log((C) than just equilibrium measures of compact sets of capacity one.

general measures &
Theorem 6.7 specializes to

Theorem 6.17. The essential minimum of Faltings’ height can by attained by a sequence of
elliptic curves with good reduction everywhere.

In fact, Theorem 6.7 says that we can approach the essential minimum of Faltings’ height by
elliptic curves with integral j-invariants hence having potentially good reduction everywhere
[ , Chapter VII. Proposition 5.5]. So after a finite field extension they become good
reduction everywhere.
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7. THE COMPUTABILITY OF THE ESSENTIAL MINIMUM

For a particular height function, it is not obvious how to compute its essential minimum.
As a consequence of the strong duality Theorem 6.6, we can construct both a decreasing
sequence and an increasing sequence converging to the essential minimum, thus showing that
this invariant is a computable real number. The obtained algorithm is far from being practical,
but might be a first step in the search of an effective procedure for this problem.

To make the ideas precise, we will use the theory of computability and we refer the reader
to [ ] for preliminaries on computability.

7.1. Computability. We first recall the notion of computable number, in one of its equiva-
lent definitions.

Definition 7.1. A real number r is computable if there exists a Turing machine that given
any rational number € > 0 produces a rational number ¢ with |r —¢| < . A complex number
is computable if both its real and imaginary part are computable.

The set of computable numbers is a countable subfield of C that contains all algebraic
numbers and as a consequence, most real numbers are non-computable. Nevertheless it is
very difficult to give a concrete non-computable number. Examples of such numbers are
Chaitin’s constants, which are associated to Turing’s halting problem.

There are weaker notions of computability.

Definition 7.2. A real number r is left computable if there is a Turing machine that given a
natural number n produces a rational number x,, such that sup, x, = r. Similarly r is right
computable if there is a Turing machine that given n produces a rational number y,, such that
inf, x, = r.

Lemma 7.3. A real number is computable if and only if it is both left and right computable.

Proof. Assume that r is computable. Then there is a Turing machine that given n produces
a rational number z, with |r — z,| < 1/n. The sequences x,, = z, — 1/n and y,, = 2z, + 1/n
show that 7 is left and right computable.

Now assume that r is both right and left computable and 0 < € € Q. Then there is a Turing
machine that given a natural number N produces ay = max,<y x, and Sy = min,<y yn.
When Sy — an < € we have reached the desired precision and the algorithm stops. O

Definition 7.4. A function f: N — N is computable if there is a Turing machine that given
input n produces output f(n).

The Green functions that will be well suited for our computations are those computable in
appropriate compact sets and having effective asymptotics.

Definition 7.5. Let g: C — R be a Green function as in 3.4. It is said to be computable if
it satisfies the following conditions:
(1) for any rational rectangle E (i.e. E={z € C: a1 < Re(z) < b1,a2 <Im(z) < by} for
rational numbers a; < by,a2 < bg), the restriction g: E — R is computable in the
sense of | , Section 0.3, Definition A],
(2) there is a computable function f: N — N such that for all z € C with |z| > f(n)

1
|8(2) —log|z|| < ~log|2|.
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The following is our main result in this section.

Theorem 7.6. Let g be a computable Green function. Then ess(hg) is a computable real
number.

The proof will be carried out in the next two sections, where we will see that the essential
minimum is both left and right computable.

7.2. Left computability. By Proposition 6.10 we have

k
ess(hg) = sup inf (g(z) — Z a;log ’Qi(z)|>,
i=1

A z€C

with

k
A= {(Ql, cos Qpy a1, ... ag) ’ keN,Q; € Zlz],a; € Q4 and Zaideg(Qi) < 1}.
i=1
Since the index set A can be effectively enumerated, the left computability of ess(hgy) is a
direct consequence of the next statement.

Proposition 7.7. Assume that g is a computable Green function. Let (Q1,...,Qk,a1,...,ax) €
A and set p =g — Zle a;log |Q;|. Then, inf,cc p(2) is a computable real number.

Proof. Since g is a computable Green function and > a;deg(Q;) < 1, we can determine a
rational rectangle F such that the infimum of ¢ is attained in . Similarly we can determine
M € N such that that there is z € E with ¢(z) < M. Then

inf p(z) = ing min{p(z), M}.
z€

zeC
Then this infimum is computable | , Section 0.6, Theorem 7|, because the restriction of
min{p, M} to E is a computable function. O

7.3. Right computability. For the right computability, we look at the other side of the
strong duality property, namely

ess(hg) = inf { /gd,u‘ e Wliog((C)}.

Since the set ﬁlzog((C) is not countable, our first step is to show that it admits a countable
subset that is dense with respect to the log-weak topology.
Consider the index set

O = {(P, Q) ‘ P,Q € Z[x] with P # @ monic irreducible polynomials}.

For (P,Q) € © we denote by ppg: P! — P! the map induced by the rational function
pee(@)+1 /Qdee(P) | This is a finite and proper map of degree deg(P)(deg(Q) + 1).

Let f : C — R be a function. We denote by (¢pg)«f : C — R the push-forward of f by
op,Q, defined as

(er@)f(z)= > ewf(w),
wlpp,Q(w)=2
where e,, is the ramification index of ppg at w.
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We remark that due the properness of ¢pg, the push-forward operation preserves the
space of continuous and compactly supported functions. Hence, if p is a measure on C, we
can define the pullback measure ¢p, op by the rule

[ rateram = [(era)-san

where f: C — R is continuous and compactly supported.
Finally, we consider the probability measure ppg defined as
(pPQ) s
deg(P)(deg(Q) + 1)
with pg1 the Haar measure on the unit circle.

HpPQ =

Proposition 7.8. Let (P,Q) € ©. Then upgq is a probability measure supported on the
compact set

(7.40) {gg ‘ | P(z)|de8(@+1 — ,Q(@‘deg(p)}
log|P|  log|Q)| }
deg(P)’ deg(Q)+1)

Proof. The support of upg is the preimage of S' with respect to the map ppg, which
coincides with (7.40). On the other hand, set d = deg(P) and e = deg(Q). Then for z € C
we have

w4y vera(z) = - [ogle — wlduro(u) = 7 | S cotonls—ulduns)
epQ(w)=y

with potential function U*PQ = min {—

We have
=log |P(2)"*" — yQ(2)"]

Z ewlog|z—w\:log‘ H (z —w)*

ep,(w)=y ep,(w)=y

and the expression formula for the potential follows from (7.41) applying Jensen’s formula. [

Proposition 7.9. The family of probability measures {ppq | (P, Q) € O} is a countable dense
subset of ,@%g(C).

Proof. Let (P,Q) € © and take an irreducible primitive polynomial F' € Z[z| with leading
coefficient a € Z \ {0} and roots aq, ..., ay. Using Proposition 7.8 we get

/log \F| dpupg = log |a] — ZU“RQ( N

log [P(a)] log |Q(ax)]
= logla| = Zm& { deg(P) ’deg(@)H}

log | P( OzZ )| 10g!Q Oéz
>
= Hax {XZ: deg(P Z deg(Q

B {log|Res(P,F)| log|Res(Q,F)|}
= ma deg(P) 7 deg(Q)+1

>0
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where the last inequality follows from the fact that Res(P, F') and Res(Q, F') are integers
that cannot be both zero because F', P, () are irreducible and P,() are coprime. Hence

[1po € @Eg(@.

Now let u € @%g(C), and let (o) be a sequence of distinct algebraic integers with

d0(an) — M log-weakly, and denote by P, the minimal polynomial of ay,. Then by Proposi-
tion 2.14, we have

log ‘Pn’ . 1
_— s U* Ly .
deg(Pn) m Lige
Hence
) log | P, | log | P11 } o1
in< — ,— — U" in L.,
{ deg(Pn) deg(Pn+1) +1 foc

which gives up, p,,., — p log-weakly by Proposition 2.14 again. This proves that the family
{npq} is dense under the log-weak topology. ([l

Remark 7.10. One could alternatively consider for each (P, Q) € © the probability measure
Wp 0 similarly induced by the rational function Pdeg(Q) / Qdee(P) | This gives another countable

dense subset of ﬁliog((c) and might look more natural than {upg}. The advantage of the
measures ppq is that they are compactly supported, which is important in the proof of
Proposition 7.11.

By Proposition 7.9, we have

ess(hg) = (PiCI)l)fEG gdupg.

Hence the right computability of the essential minimum follows by the next result.

Proposition 7.11. Let (P,Q) € ©. Assume that g is a computable Green function. Then,
the integral | gdupg is computable.

Proof. Set for short d = deg(P) and e = deg(Q) and consider the function

((pp,Q)+8)(e*™)
d(e+1) '

For each # € [0, 1] consider also the polynomial Sy = Pdea(@+1 _ ¢2mi0dee(P) ¢ C[z]. Then

(7.2 pO) = Gy D cwlw)

e+1) Sotamd

p: 0,1 — R, p(0) =

There exists an effective 0 < R € Q such that goI_D}Q(Sl) C [-R,R] x i[-R,R]. Since g
restricted to [—R, R] X i[—R, R] is computable by definition, and the process of finding the
complete set of roots of polynomials is computable by | ], p is a computable function
and hence the Riemann integral

[ (teros)e)a0

is computable | , Section 0.5, Theorem 5. ]
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APPENDIX A. DUALITY IN LINEAR PROGRAMMING

In this appendix we present a coordinate-free formulation of duality in linear optimization
and recall the proof of the strong duality property in the finite dimensional case. This allows
to place the optimization problems from Section 5 within a general framework and to give a
more conceptual approach to their duality properties.

Let E,F be two real vector spaces equipped with a pairing (—, —): F x FF — R. Let
E — FY and F — EV be the induced linear maps between these spaces and their duals,
that we respectively denote by & — 2 and y — yf. They are defined by setting

z'(y) = yl(z) = (z,y) forallze Eandyec F.
Consider two convex cones ¢ C E and 7 C F. Their duals are the convex cones
o' ={ueEY|u(x)>0forallz o}, 7'={veF|v(y)>0foralyer}.
Let also ug € EV and vy € FV.

Definition A.1. The primal problem and the dual problem for this datum are the optimiza-
tion problems respectively given by

P=inf{ug(z) |z €0, 2T —vg eV}, D=sup{vo(y)|yer, uo—y' €o’}.
We refer to the quantities P and D as the optimal values of these problems.
Remark A.2. The role of the primal and the dual problems can be exchanged: denote by
PP and D the primal and dual problems that arise when swapping the vector spaces F and

F and considering the cones —7 C F and —o C F together with the functionals —vy € F
and —ug € EV. Then it can be easily verified that P = —D° and D = —P°P.

The classical problems in linear programming are a particular case of this framework.

Example A.3. Set E=R™ and F' = R" and given A € R"™*" b € R™ and ¢ € R" consider
the pairing and functionals defined by

(z,y) — (z,y) = 2T Ay, z+—up(z) =bTz, yr— vo(y) =cly

together with the cones o = RY; and 7 = R,. Then the associated primal and dual problems
boil down to the usual forms

P=inf{b"z x>0, ATz >c}, D=sup{c'y|y>0, Ay<b},
where < and > on these real vector spaces means that these inequalities hold coordinate-wise.

The problems from Section 5 also fit within this framework. Denote by .#(C) and
Aog(C) the cone and the vector space generated by P,,(C). The elements of .#1,,(C) are
the measures on C that integrate the function log™ ||, whereas those of .#jog(C) are the
differences of these measures.

We also let [, (C) be the set of probability measures p € Po4(C) that integrate the
functions log|Q| for all @ € Z[z], and we respectively denote by .}, (C) and (C) the
cone and vector space generated by this set of probability measures.

/
log

Example A.4. Set
E=.%,C) and F=Ra&PR.
neN
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Fix an enumeration @)1, @2, @3, ... of all nonconstant integer polynomials and recall that the
elements of F' are the tuples a = (ag, a1, az,...) with a,, = 0 for all but a finite number of n’s.
We then consider the pairing £ x F' — R defined by

(1, a) »—>a0/du+2an/log\Qn\du.

neN
We also consider the convex cones defined as

0= My (C)CE and 7={(ag,a1,...,an,...) | an >0foralln >0} C F.

Let g: C — R be a continuous function that is asymptotically logarithmic at oo in the sense
of Definition 3.4, and define the functionals uy € EY and vg € FV as

uo (1) :/gd,u and  vp(a) = ap.

The associated primal problem amounts to the minimization P(g) = inf,, [ gdu over the
measures p € A, (C) such that

ag </du—1> +Zan/log]indu20

neN

for all ap € R and a,, € R>p, n € N, with a,, = 0 for all but a finite number of n’s. Since ag is
arbitrary, this forces u € @{Og(C). Hence, this minimization is over the probability measures

W E @{Og(C) such that [log|Q,|dy > 0 for all n, which coincide with those in P,4(C)
satisfying the same condition. Hence

P(g) = inf{/gd,u‘ B E Prog(C), /log|Qn| dp >0 for all n € N}

as in (5.20). Similarly, the associated dual problem is the maximization D(g) = sup, ap over
a € 7 such that

(A.43) /gdu - ao/du - Z an/log |Qnldp >0 for all p € A, (C).
neN

This is equivalent to the inequality g(z) — >, cn @n log |@Qn(2)| > ap for all z € C, as it can be
seen by considering (A.43) for the Dirac delta measures y = d, for all 2 € C\ Q. Hence

D(g) = sup inf (g(x) - Z ap log |Qn(x)\),

acT z€C neN
in agreement with (5.21).

The weak duality property is the fact that the optimal value of the primal problem bounds
above that of the dual, and follows readily from the definitions.

Proposition A.5. We have P > D.

Proof. For all © € o and y € 7 such that 27 — vy € 7V and ug — y! € 0¥ we have ug(z) >

(x,y) > vo(y), which gives the inequality. O

The strong duality property is the equality between the optimal values of the primal and
the dual problem. We end this appendix by recalling the proof of this property in the finite
dimensional situation.
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Definition A.6. The feasibility set of the primal problem P and the dual problem D are
Sp={reco|zl —wer'}CcE and Sp={yer|u—-y €c'}CF

We say that P (respectively D) is feasible if Sp # () (respectively if Sp # ()), and we say that
P (respectively D) is bounded if the set {ug(z): z € Sp} is bounded below (respectively if
the set {vg(y): y € Sp} is bounded above).

We also say that P (respectively D) is attained if there exists x € Sp such that P = up(x)
(respectively if there exists y € Sp such that D = vy(y)).

The primal problem is feasible and bounded if and only if P € R, and similarly for the dual
problem. Moreover, the weak duality property shows that if one of these problems is feasible
then the other is bounded.

Theorem A.7. Assume that E and F' are finite dimensional vector spaces and that o and T
are closed convex cones. The following conditions are equivalent:

(1) the primal problem P is feasible and bounded,
(2) the dual problem D is feasible and bounded.

If any of these conditions holds then P =D € R and both P and D are attained.
Proof. First assume that (1) holds and consider the closed convex subsets of R x F'V defined as
V ={(uo(z),z")|zco} and Wy={(t,v+w)|t<\ ver’}, AeR.

For each A € R we have that VNW, # ( if and only if there exists z € Sp such that ug(z) < A.
We have the decomposition Wy = R<g x 7¥ + (p, vg). Hence considering the closed convex
cone and the point respectively defined as

C':V—]Rgo><7':{(uo(:p)—t,ﬂ—v):tGRSO7 rc€o,veT’} and py= (A w),

the condition V N W)y # () turns out to be equivalent to py € C. Since C is a closed cone,
this condition on A € R is closed, and it is also nonempty and bounded below because P is
feasible and bounded. Thus setting A\g = inf{\| p) € C} we have

P =X =min{\| py € C} € R.

In particular P is attained.

Now let A < \g. By the point-cone separation theorem there exists h € (Rx F¥)" = R®F
such that h|c > 0 and h(py) < 0, which implies that hly > h|w,. Hence writing h = (b, —y)
with b € R and y € F' we have

(A.44) buo(z) — (z,y) > bt —v(y) —wvo(y) forallt <\ zx€over’.

Specializing (A.44) to x = x1 € Sp C o0 and v = v; = xi — vy € 7V we get bug(z1) > bt,

which implies that b > 0 because ¢ can be an arbitrarily large negative number.
We assume without loss of generality that b = 1. Then (A.44) specialized to t = A becomes

(A.45) ug(z) — (z,y) > A—v(y) —vo(y) forallz€over’.

Specializing this inequality to = = 0 gives v(y) > 0 for all v € 7V, whereas taking instead
v = 0 gives (up — y")(x) > 0 for all x € 0. Since 7 is assumed to be closed, y € 7 and
ug —y' € ¢V, and so the dual problem D is feasible. We also have that D is bounded because
P is feasible, thus proving the condition (2). Moreover (A.45) specialized to z = 0 and v =0
gives

D > wo(y) > A,
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and since A can be arbitrarily close to P we obtain P < D. Combining with the weak duality
property (Proposition A.5) we conclude that P = D, as stated.
Finally, the case when (2) holds reduces to the previous one using Remark A.2. O

Remark A.8. The proof of Theorem 5.3 follows this approach, with suitable modifications
due to the fact that there we deal with some specific infinite dimensional vectors spaces and
cones that are not necessarily closed.
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