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Nullstellensatz (Hilbert 1893)

fi,.-, fs € Qx1, ..., z,| polynomials
V(fi,....f) ={xeC: fi=0,....,f,=0}=0
< dg1,...,9s € Qxy,...,x,] st

L=gfi+-+0sfs

Vi= V(i) ={zel": filr) =0} c C"

N;V,=10
Zariski closed sets with empty intersection

Vi = 9gifi algebraic partition of 1

o 1 =57
e Y, =01inV,



YO+ (%Yt + 2xy2 +4) fa = 8

Problems

e Degree and height bounds for the
Nullstellensatz (Arithmetic Nullstellensatz):

Find

g1, ---,Gs € Lz, ... x|, a € —{0} st
a=gif1+- "+ Ggsfs

deggi< 7 hla), hg) < 7

e Separation of varieties V., W C C" varieties
defined over Q st VW =0

dist(V, W) > ?



Degree of varieties

k field

V C A"(k) equidimensional affine variety of
dimension 7r

degV = #(V N E)

E generic affine space of dimension n — r

V = U; V; equidimensional decomposition

(V; equidimensional variety of dimension 7 )

degV =X degV;



o degV >1

o f € klxy,...,x,] square—free polynomial

= degV(f) =degf

e dimV =0 = degV =#V

Bézout inequality

Heintz—Steveking 77
Fulton-MacPherson—Lazarsfeld 80

V. W C A" afline variety. Then
degVNIW < degV -degW

Cor. (Bézout 1764)

fl,...,fnek[$1,...,$n]
st dim V' (f1,..., fn) =0. Then

#V(fiee o fo) < Tdeg f
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Height of varieties

Height of a polynomial

f=xia;x" € Zlx,...,x,] = h(f):= log(max; |a;|)

Weil height
V C A" Q-variety of dimension 0
V)= h
w(V)i= 3 h(g
For € € ", h(§) = log(max; [&|)

Problem
Define a height h(V') of a Q-variety V' C A"(C) st

e For f € Zxy,...,x,] primitive square—free
polynomial.

o dmV =0 = h(V)=w((V)
o h(VNW) < 7 (Arithmetic Bézout inequality)



Chow form

X C IP" equidimensional projective Q)Q—variety of
dimension r

w; = (Wi1,...,Uin+1) groups of variables

fx € Zuq, ..., u-r1] Chow form of X

Primitive polynomial in (r + 1)(n + 1) variables

For V' C A" (affine variety ) we define
fv =ty

where V' C IP" projective closure of V



Defn. (Philippon 95)
V' equidimensional affine Q)—variety

h(V) = [ log | fyl ™+ (2 1/21) degV

S, unit sphere {|z1[*+ -+ + |z,[* =1} in C"

4 invariant measure over S, of total mass 1

(Alternative Mahler measure of fy/)

V = U;V; equidimensional decomposition

h(V) = S h(V)

Definition of h via Chow form:
Weil 50, Nesterenko 77, Philippon 86

via arithmetic intersection theory:
Faltings 91, Bost-Gillet—Soulé 94

Equivalence between both points of view:
Soulé 91, Philippon 91



Properties (Bost-Gillet-Soulé 94, Philippon 95)

o h(V) >0

o f=x,a,2" € 2|z, ..., x,] primitive square—
free polynomial =

h(V(f)) = h(f)] <4(n+1)log(n+1)deg f

o IV C A" Q)-variety of dimension (
[W(V) —w(V)] <log(n+1)degV

e Arithmetic Bézout inequality

V. W C A"(C) arithmetic varieties
A(VW) < deg(W)-h(V)+deg(V) - h(W)
+¢(n) deg(V) - deg(W)



Extension (S. 98)
h extends to the case of a PF-field k (field with

product formula):
V C A" equidimensional k—variety

h(V) = X A m(av<fV>> + X A 1Og|fV‘v

vES), vEM}— Sk

M. proper set of absolute values over k
S subset of archimedian absolute values
A, multiplicities

m alternative Mahler measure

Basic examples of PF'-fields

e number fields
o K(ty,...,t,) function fields

For P € Klty,...tullx1, ..., 2,
h(P) := deg, P

Allows to consider varieties defined by a parametric
system of equations



Thm. (Arithmetic Bézout inequality, general case)

k PF-field
V., W C A" k-—varieties =

h(VNW) < ci(n)(degV - deg W)B(h(V) + h(W))
+ca(n) (degV - deg W)?

More generally Vp,...,V; C A" k—varieties
0; degreeof V;, 0:=1;9; =

hVin---NV) <eci(n)d® S h(Vi) + ca(n)d’

Cor.

fi,--, fs € klx1, ..., x,] polynomials st
V =V(f,...,fs) € A" is 0-dimensional
deg f; <d, h(fi)<h

w(V) < e3(n)d®™ h+ cy(n) d’"

w(V') Weil height of V
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Thm.
F = {Fr+1, e o vy Fn} Q Z[Cﬁl, ce ,CE’n]

reduced complete intersection

V =V(F)C A" and degV =4

T WA, x— (x1,...,2,)
linear and separable linear projection

0 € A" non-ramified
h(V) < c¢i(n) 5° h(w_l(())) + co(n) 57

ie the height of a complete intersection variety is

polinomially equivalent to the height of the fiber
7 1(0)

Other aspects:

e Height of a product of varieties
e Height of the image of a morphism

e Height of the inverse of a birrational morphism

w: V= A"
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Interpretation of h

dim V' = 0 then dimy k[V] < deg V'
deg V' controls the algebraic parameters

Which is the rol of A ?

Geometric solution (Kronecker 1882)
V' equidimensional Q)—variety of dimension r

m:V — I generic linear projection

= 7(V) C A" hypersurface birrational to V

71 m(V) — V  weak parametrization of V

Output of the symbolic algorithms for multivariate
polynomial equation solving
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C = V(2°—y,z—xy) C A3 rational normal curve
of degree 3

7 I\3 — I\? defined by (z,y,2) — (z,y)

(C)=V(z* —y)
N, y) = (z,y,2y)

S
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p € klyr,...,y+1] equation of 7(V)
vi/p € k(y1, -, Yrs1) st
T = (vi/p,- o vn/p)
We have degp < degV', degp,degv; < 2(degV')?

Deftn.
Height of a variety (via a geometric solution) (Giusti—

Heintz—Pardo et al. 96)
(V)= h(r™") = hip,vi,..., vn, p)
n(V') bounds the bit length of the integers in the

elimination algorithms

Thm.

n is polynomially equivalent to h

77<V> S C1 54h(V) + C 56
h(V) < c36n(V) + cy 61
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Arithmetic Nullstellensatz

k field

fiooos fs €Eklmy, ... x] st V(f1,..., fs) =10
=  dg1,...,9s € klz1,..., 2] st

l=g fi+ - +3gsfs

deg fi <d = deggi< 7

.deggifiSdegg+2(1+d2+...+d2n—1>
(Hermann 1926)

o char (k) =0 = deggfi < 3n’d"
(Brownawell 87)
o degyg, f; < 4 (Caniglia—Galligo—Heintz 88)
o deg f; g; < max{3,d}"
(Kolldr 88, Fitchas—Galligo 90)
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Thm.

fl,...,fSEk[CCl,...,CCn] St V(fl,,fs>
d; =deg f; st dy > --- > ds. Then

degg;f; < 2d, "1y < 24

deg g; f; < max{3,d}" optimal for d > 3

Best previous upper bound for deg f; = 2
(Sabia—Solerns 95)

deg g, f; < n2"+?

We obtain
deg g; f; < 2"
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fi,..., fs € Zlxq, ..., x,] without common zeros
in C"
= a€Z—{0}and g,...,9s € Z|xy,... x,] st

a=g1fi+-+9gsfs

Problem
deg fi <d h(f;)) <h

= degg;i < 7, hia),h(g) < 7

Previous results

h(a), h(g:) < d” h

by Cramer’s rule

degg; < d" h(a), h(gi) < k(n)d™h
c constant, k(n) hyper—-exponential on n (Berenstein—
Yger 91)

deg g; < dV" h(a), h(g;) < d*"h
c1, ¢y < 35 constants (Krick—Pardo 9/)
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Thm. (Arithmetic Nullstellensatz over complete
intersection varieties)

Fri1,....F, € Zxy, ...,z reduced complete
itersection

V .= V(F) C A" variety of dimension r and
degree 0

fi,--., fs € Zlxq, ..., x,] polynomials without
common zeros in V'

d := max; deg f;, h := max; h(f;)
D :=max; deg F;, H := max; h(F})

= da € Z—{0} and ¢1,...,9s € Z|xy, ..., x,] st

o a’Eglf1+"'+gsfs mod (Fr+1a---aFn>
o deggi <5n?Dd* 6>
o h(a), h(g;) < c(n) D*(d" 6) *(h+H+h(V)+ d9)
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Distance between varieties

V C A"(C) 0O-dimensional variety defined over Q
g [V = log(amax IE]l) < h(V)-+log(n-+1) deg V

ie the height of V' bounds its distance to the origin

Problem:

For V.W C A" Q-varietiesst VNW =0 give a

lower bound for the distance between V' and W

Prop.

V., W C A" Q-varietiesst VAW = () and dim W = 0

log(dist(V, W)
< —c(n) (degV - deg W (h(V) + h(W)) + 4log(n + 1))
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Distance function

disto (V, W) = inf{][p — q] -
peV, qgeW, log|lpll, logllg|| < a}

Thm.

VW C A" Q-varieties st VW =10
ro=dmV, s:=dmW

V', W reduced complete intersection varieties of
f = {fl, S fn—r}
g:=A{g1, -, gn_s} CUlxq,..., x,] resp.

d:=degf, h:=h(f)

. 0 :=degV
D =degg, H :=h(g)

=
log(dist,(V, W)
> —c(n)d* DY?*" 26 (h+ H+h(V)+ D" 6 + log o)

for a > 0
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Conj.

V., W e A" Qvarietiesst VNI =0
Then there exist F' € [(V), G € I(W) st
ol =F+GCG
o degF,degG < degV - deg W

o m(F),m(G)<degV - -h(W)+degW - h(V)
+c(n) degV - deg W

Effective partition of 1
Implies

log(disty(V,W)) > —(degV - h(W) + deg W - h(V)
+(c(n) +2n +loga) degV - deg W)
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Complexity of a variety

Let f € Zxy, ..., x,| polynomial
[ straight-line program (slp) for f is

['=Aay,...,ar} CZxy, ..., x,)

st a; =1, x or a; = a;*ap with ¥ =4, —, -
and 7, k<, and ar, = f

L(f) = length (I)
complexity of computing f
Eg.
f=(z+1)
= [:={1, 2, 2+1, (a+1)-(x+1), (a+1)*(z+1)*}
is a slp for f

L(f) =5
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f = ZZ'CLZ'CI?i - Z[Qﬁl, . ,.Cl?n]

deg f=d, h(f)=nh

= L(f) < (d"h)7V

but... L(f) can be quite smaller in some cases
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Dein.

For V' C A" equidimensional variety

the complezity of V' is defined as

L(V) = L(fv)

For V' C A" variety

V = U,V equidimensional descomposition

L(V) = £ L(V)

Thm.

V C A" equidimensional variety
dmV =7r degV =9

7.V — I\ generic linear projection

= L(V) is polynomially equivalent to L(ﬂ'_l)

L(r™Y) < (néL(V))°W
L(V) < (noV L(r=1)00)
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Thm. (Computational Bézout inequality)
V, W C A" Q-varieties

LVAW) < (n degV degW L(V) L(W))°™
More generally

Vi,...,V; C A" Q-—varieties
0; degree of V; 0 :=11; 9;

LVin---NV) < (nd x L(V;)°W

The slp for the Chow form of (each of the compo-
nents of) N;V; can be computed in time

(nd 3 L(V;))°W

Cor.

fi, o, fs € Uz, ... x| st

V =VI(fi,...,fs) € A" is 0O-dimensional
deg fi < d, h(fi;) <h

= the system of equations

f1207°"7fn20
can be solved in time (n d" h)°W
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