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Independence polynomials of graphs

Let G be a finite graph

A subset | of Vi is independent if v # v/ for all v, v € V¢

V; the vertices of G
The independence polynomial of G is
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The neighbour exclusion model

Let G be a (possibly infinite) graph

The neighbour exclusion model or hardcore lattice gas model on G
represents the behavior of large particles at the vertices of G
excluding the presence of other particles at the adjacent ones

An activity parameter A € R_; determines the probability that a
particle appears at a given vertex



Hamiltonian and partition function

e Interaction: for s,s’ € {0, 1}
U(s,s) {—l-oo if s = s.’ =1
0 otherwise
e Potential: for s € {0,1}
K(s) = —log(\)s
Fix a finite subgraph G < G

@ Hamiltonian: for a configuration o: G — {0, 1}

H(o,A) = > U(a(v),a(V) + D K(o(v))

v~v/

) —log(A) #supp(c) if supp(c) independent
0 otherwise

@ Partition function:

Y exp(~H(o. ) = Z6()



The pressure function

The pressure (or free energy) is defined as
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log(Z6(A))
Phase transitions (i.e. bifurcations of GIBBS measures) are related
to the lost of analycity of P
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Random independent subsets
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Phase transition

A =3.787 A =3.792
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Regular rooted trees

For d = 2 let T be the regular rooted tree with branching d

KRN

The phase transition (birth of a “period 2" Gibbs measure) of the
neighbour exclusion model on 7 appears at

dd

Aa = gyt

Theorem (RIVERA-LETELIER and S.)

The pressure function Pr is real analytic on (0, +00)\{ A}, and
infinitely differentiable at A,

The neighbour exclusion model on T has a phase transition of
infinite order at the point Ac;



Recursion

For k = —1 let T be the subtree of T at depth < k

k=0 k=1 k=2
Set 2
Rk = Zdi € Q(X)
Ty—1

We have that
Zr, =1, Zr=1+x, Zr,=2% +xZ& fork=>1

which implies that

Ro=1+x and Re=1+ 5— fork>1

k—1
A. ScoTT and A. SOKAL, 2006



Complex dynamics

For A € C* set
fi: C—C, z— 14+ —

C the Riemann sphere
@ Critical points: 0 and o
o f, (o) = {0}

Hence
Ri(\) = £E(1+ ) = £3(0)

fk=Fo...0f

and so
Q= (Z7, =0) = {Ae C| £3(0) = 0}

Q= | JQu={reC|0ePer(f)}
k=0



Hyperbolic components and zero free regions

A parameter A € C* is hyperbolic if all the critical points of f
converge to attracting cycles

/.
.\%.

In our case, A is hyperbolic if and only if f\ has and attracting cycle
(FATOU's theorem). Hence if A is attracting but not
superattracting then A\ ¢ Q

For instance, if we set
—d9

A = {\ | f\ has an attracting fixed point} = {W
a

’aE]D)}
then A\n Q=& A

PETERS and REGTS, 2019



Heights of algebraic numbers

Let £ € Q" be an algebraic number of degree n and consider its
minimal polynomial

v [(x =€) ezlx]
i=1
The Weil height of £ is

1 n '
mwa(€) = 7 (loghl + Ylog*lel) eRso "/ | 3

i=1

For instance, for { = £ € Q* with a, b€ Z coprime

hWeil(é) = IOg max(|a|, |b|)



Arithmetic equidistribution

Theorem (BILU, 1997)
Let & € Q™ k > 1, such that & # & for all k # Kk’ and

kﬂTm hweil(§k) = 0
Then
lim Gal(Q/Q) - & = Haarg

k—+00

Toric version of SZPIRO-ULLMO-ZHANG equidistibution on
Abelian varieties (1997)



For instance, let d = 10 and f=—x104x% x84 x6 x5 _x44x3_x24x—1
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d = 30 and f=x30—x2%x28 x26 4 x25 324 _x23_x22 521520 4,19 ...
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d = 100 and f=—_x100_,98 96 .94 _,03, .02 ,01_ 00, 88 84 .
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The bifurcation locus

The bifurcation locus of the family (f\)\ecx is
B(f) = {A e C| A — J(f) is not continuous}
It is equipped with the probability measure

fk 0)* o
ppif = lim L)kw for w uniform measure on C
k—+oo deg(f,(0)

DE MARcoO, 2001




A dynamical height

For \e Q" set

hweil ( f,\k (O) )

h(\) =
() k>t deg(fK)

>0

Theorem (RL-S)

This limit defines a function h: @X — R-o with
h(A) = 0 if and only if 0 € PrePer(f))

Moreover
h(\) = p(\) + D) log* A,

p prime

with p: C* — R the potential of upi, the normalized bifurcation
measure of (f,)yecx, and p — log™ is continuous on C

~> h is a height function (Arakelov geometry)



Quantitative equidistribution

By arithmetic equidistribution (FAVRE and RIVERA-LETELIER,
2006):

Corollary

There is a constant ¢ > 0 such that for every Lipschitz function
@: C — R with compact support we have that

1/2
Qi Z ©(A) _jQOdeif < C(Ing(k)) Lip()

k AEQk

In particular

lim Q= pupie
k—+00
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Conclusion

This quantitative equidistribution result implies that

This is used to prove:

Proposition (RL-S)

There is ¢ > 0 such that for all e > 0

tbit(B(Acr, €) < exp <_?C>

which in turn implies the theorem

Theorem (RL-S)

P is real analytic on (0, +0)\{Ac}, and infinitely differentiable
at Aer




Thanks!



