A NOTE ON THE DETERMINANT 308 IN PROSKURYAKOV’S
LINEAR ALGEBRA BOOK
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ABSTRACT. We put in evidence and correct a mistake in the formula for the deter-
minant 308 in Proskuryakov’s linear algebra book. We apply this formula to reprove
the well-known fact that the Fubini-Study metric on the complex projective space
is Einstein.

This short note is motivated by a mistake in the formula for the interesting deter-
minant 308 in Proskuriakov’s classical book of linear algebra problems. We checked
several of its many editions including the some of first ones and of the more re-
cents [Pro67, [Pro05] as well as the translations [Pro78al [Pro78b], and noticed that the
mistake has not been corrected.

Problem 308 asks to compute the determinant

1 arby atby - apby)

agbl xo a2b3 ... aan

(1) P308 = det |@3b1 azby a3 - asby,
_anbl aan aan - Tn, |

The correct expression for this determinant is

o ayby,

(2) P308 <k1;Il($k arbi ) (1 + Z o akbk>
which in Proskuryakov’s book appears with denomlnators x). instead of xp — agby, see
for instance [Pro78bl page 321].

Indeed, this formula is a consequence of the more general one for the determinant
of a sum of matrices [Mar75l pages 162-163], as it is also hinted in [Pro78bl pages 40-
41]. For convenience, we give here a self-contained proof based on the multilinearity
of the determinant function.

Proof of Formula . Denote by M the n x n matrix in , which can be written as
the sum of a diagonal and a rank 1 matrix as

M = diag(z1 — a1by, ..., zn — apby) + a - bT

for the n vectors a = (ay,...,a,) and b = (by,...,b,). Considering the determinant
as a function of the columns of the matrix, we have that

P308 = det(M) = det((z1 — a1b1) e1 + bia, ..., (xy, — apby) €y + bpa),
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i
where e; denotes the standard n vector (0,...,0,1,0,...,0). By the multilinearity of
the determinant function and the fact that it vanishes when the vectors are linearly
dependent, we have that

P308 =det((x1 —aibr) e1, ..., (zn — anby) ep)

+ Z det(bla, ..., bg_1a, (a:k — akbk) ek, bgr1a, . .. ,bna)
k=1

= H($k — agby) + Z ayby, H(ﬂ —aiby),
k=1

i=1 I£k

which gives the intended formula O

As an application, we compute the Ricci form of the Fubini-Study metric on the n-
dimensional complex projective space P™. In Riemannian geometry, this computation
is usually done using the invariance of this metric with respect to the action of the
unitary group as in [Mor(07, §13.3]. By contrast, Formula allows to do it in a direct
way.

Let Zy,...,Z, be the homogeneous coordinates of this projective space and for
each k € {0,...,n} consider the open chart Uy = (Zy # 0) ~ C" with coordinates
21, .-+ 2n. The Fubini-Study form wps is the Kéhler form on P™ given in these coor-
dinates by

wrg 1= 100 log(1 + ||z[|?)
where 0,9 are the Dolbeault operators and ||z|| = (|z1]? + - - - + |2,]?)"/2. The corre-
sponding Hermitian matrix with respect to the frame 8%1-’ 1 =1,...,n writes down as
82
H = — log(1+ 12[*)
821'82]' ij
1+ ”ZHz—fl 21 —21 29 —Z1 %n
1 —292 21 1+”2H2—§222 —Z9 Zn
T+ =) ' . ;
—Zn 21 —Zn 22 R I [ e

and by [Mor07, Formula (12.6)], the associated Ricci form is then given by
prs = —i00 log(det(H)).

Notice that det(H) is a special case of P308 with

T; = 1+Hz||2— ’Zi‘Q a~—7_zi b; = s fori=1 n
i = ) i= NES =1,...,n.
(L4 [|1z)1%)2 (1+ [|2]*)? (L4 [I2)1%)2

Now a straightforward application of Formula (2)) gives det(H) = (1+]|z||*)~"!. This
implies that
prs = —1001og((1 + ||2[|*) ™" 1) = (r + 1) wes,

showing that the Fubini-Study metric is Einstein with r» + 1 as Einstein constant.



PROSKURYAKOV’S DETERMINANT 308 3

REFERENCES

[Mar75] M Marcus, Finite dimensional multilinear algebra. Part II, Pure Applied Math., vol. 23,
Dekker, 1975.

[Mor07] A. Moroianu, Lectures on Kdhler geometry, London Math. Soc. Stud. Texts, vol. 69, Cam-
bridge Univ. Press, 2007.

[Pro67] I.V.Proskuryakov, C6opuuk 3anau no auren nont anrebpe, Izdat. “Nauka”, Moscow, 1967,
(in Russian).

[Pro78a] , 2000 problems de dlgebra lineal, Reverté, 1978, (in Spanish).
[Pro78b] , Problems in linear algebra, Mir, 1978.
[Pro05] , Cbopruk 3amau mo guHenm Hou aarebpe, Binom. Knowledge Laboratory, Moscow

University, 2005.

DIPARTIMENTO DI SCIENZE MATEMATICHE, POLITECNICO DI TORINO. CORSO DUCA DEGLI
ABRUZZI 24, 10129 TORINO, ITALY
Email address: antonio.discala@polito.it

INsTITUCIO CATALANA DE RECERCA 1 ESTUDIS AvaNgATs (ICREA). Passeic Lrufs CoMpa-
NYS 23, 08010 BARCELONA, SPAIN

DEPARTAMENT DE MATEMATIQUES I INFORMATICA, UNIVERSITAT DE BARCELONA. GRAN VIA
585, 08007 BARCELONA, SPAIN

Email address: sombra@ub.edu



	References

