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ABSTRACT. We continue the study of the arithmetic geometry of toric vari-
eties started in [BPSI4]. In this text, we study the positivity properties of
metrized R-divisors in the toric setting. For a toric metrized R-divisor, we give
formulae for its arithmetic volume and its y-arithmetic volume, and we char-
acterize when it is arithmetically ample, nef, big or pseudo-effective, in terms
of combinatorial data. As an application, we prove a higher-dimensional ana-
logue of Dirichlet’s unit theorem for toric varieties, we give a characterization
for the existence of a Zariski decomposition of a toric metrized R-divisor, and
we prove a toric arithmetic Fujita approximation theorem.
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INTRODUCTION

The study of the positivity properties of a divisor on an algebraic variety is a
central subject in algebraic geometry which has many important results and appli-
cations. A modern account about this subject can be found in the book [Laz04].

There are different notions of positivity for a divisor: it can be ample, nef, big,
or pseudo-effective. There are also numerical invariants of a divisor related with
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positivity, like its degree and its volume. The degree of a divisor is the top intersec-
tion product of the divisor with itself, while the volume measures the asymptotic
growth of the space of global sections of the multiples of the divisor. When the
divisor is ample both invariants agree but, in general, the volume is always nonneg-
ative while the degree can be either positive, zero or negative. The different notions
of positivity, the degree and the volume of a divisor are invariant under numerical
equivalence and can be extended to R-divisors.

Analogues of these invariants and notions of positivity have been introduced
in Arakelov geometry and their study has interesting applications to Diophantine
geometry. In [Zha95a], Zhang started the study of a theory of arithmetic ampleness
and proved an arithmetic Nakai-Moishezon criterion. Using this theory, he obtained
the so-called “theorem on successive algebraic minima” relating the minimal height
of points in the variety which are Zariski dense with the height of the variety itself.
This result plays an important role in Diophantine geometry, for example in the
context of the Manin-Mumford conjecture, the Bomogolov and Lehmer questions,
and the Zilber-Pink conjecture.

In [Mor09], Moriwaki introduced the notion of arithmetic volume measuring the
growth of the number of small sections of the multiples of an arithmetic divisor, and
proved the continuity of this invariant. In [YuaOS8], Yuan studied the basic prop-
erties of big arithmetic divisors, that is, arithmetic divisors with strictly positive
arithmetic volumes. As an application, he obtained a very general criterion for the
equidistribution of points of small height in an arithmetic variety, generalizing the
previous equidistribution theorems of Szpiro—Ullmo-Zhang [SUZ97], Bilu [Bil97],
Favre-Rivera-Letelier [FR06], Baker—-Rumely [BR06] and Chambert-Loir [Cha06].

Given these results, it is interesting to dispose of effective criteria to test the pos-
itivity properties of an arithmetic divisor and to be able to calculate the associated
invariants in concrete situations. In this direction, Moriwaki has studied a family of
twisted Fubini-Study metrics on the hyperplane divisor of P%;. He has obtained cri-
teria for when these metrics define an ample, nef, big or pseudo-effective arithmetic
divisor, he also computed the arithmetic volumes of such divisors, proved a Fujita
approximation theorem and gave a criteria for when a special type of Zariski de-
composition exists [MorIl]. The present text generalizes these results to arbitrary
toric (adelically) metrized R-divisors on toric varieties.

Toric varieties can be described in combinatorial terms and many of their algebro-
geometric properties can be translated in terms of this description. A proper toric
variety X of dimension n over an arbitrary field is given by a complete fan ¥ on a
vector space Ng ~ R". A toric R-divisor D on X defines a function ¥p: Ng — R
which is linear in each cone of the fan . Following the usual terminology in
toric geometry, we call such function a “virtual support function”. One can also
associate to D a polytope Ap in the dual space Mr := Ny. There is a “toric
dictionary” that translates algebro-geometric properties of the pair (X, D) into
combinatorial properties of the fan, the virtual support function and the polytope.
For instance, the set of points of Ap in the dual lattice M = NV gives a basis
for the space of global sections of O(D), and the volume of D can be computed
as vol(X, D) = n!voly (Ap), where volys is the Haar measure on Mg which gives
covolume 1 to the lattice M. The divisor D is nef if and only if the function ¥p is
concave and, if this is the case, its degree coincides with its volume.

In [BPS14], this toric dictionary has been extended to cover some of the arith-
metic properties of toric varieties. Let K be a global field, that is, a field which is
either a number field or the field of rational functions of a projective curve, and
suppose that X is a toric variety over K. Then, a toric metrized divisor D on X
defines a family of functions 1/)5,1}: Nr — R indexed by the set of places Mk of
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K such that ¢35, = ¥p for all v except for a finite number of them. By duality,
this family of functions gives rise to a family of concave functions on the polytope
U5, Ap — R, called the local roof functions of D. The global roof function ¥z

of a metrized divisor D is defined as a weighted sum over all places of these local
roof functions. The convex subset ©5 C Ap is the set of points where ¥ takes
nonnegative values.

These objects encode many of the Arakelov-theoretical properties of D. For
instance, a metrized divisor D is called semipositive in [BPS14] if its metrics
are uniform limits of semipositive smooth (respectively algebraic) metrics for the
Archimedean (respectively non-Archimedean) places. Then, D is semipositive if
and only if all the functions 5, are concave. If this is the case, the height of X

with respect to D can be computed as

hp(X) = (n+1)! Y5 dvolyy .
Ap
Moreover, we show in the present text how these notions and results extend to toric
metrized R-divisors. We refer the reader to §4] for the precise definitions and more
details.

The arithmetic volume and the y-arithmetic volume of a metrized R-divisor D
measure respectively the growth of the number of small sections of the multiples
of D and the growth of the Euler characteristic of the space of sections of the
multiples of D (Definition [3.14)). Our first main result in this text are formulae for
the arithmetic volume and the y-arithmetic volume of a toric metrized R-divisor
(Theorem [5.6)).

Theorem 1. Let X be a proper toric variety over K and D a toric metrized R-
divisor on X. Then the arithmetic volume of D is given by

@(X,ﬁ) =(n+1)! max (0, ¥5) dvolys = (n+1)! U5 dvolayr,
Ap 93

while its x-arithmetic volume is given by

vol, (X, D) = (n+ 1)!/ 055 dvoly .
Ap

The height is defined for DSP metrized R-divisors, that is, differences of semipos-
itive ones, whereas the arithmetic volume and the y-arithmetic volume are defined
for any metrized R-divisor. Observe that when D is semipositive, the y-arithmetic
volume agrees with the height and the formula for @X(X , D) coincides with that
for h5(X). Nevertheless, we show that the notion of height no longer coincides with
that of x-arithmetic volume for arbitrary DSP R-divisors (Examples and .

Formulae similar to those in Theorem [l were previously obtained by Yuan
[Yua09a)], [Yua09b] and by Boucksom and Chen [BCTI] for a metrized divisor D on
a variety over a number field, under the hypothesis that the underlying divisor D
is big and that the metrics at the non-Archimedean places are given by a global
projective model over the ring of integers of the number field. These formulae are
expressed in terms of the integral of a function over the Okounkov body of the di-
visor. The Okounkov body is a generalization to arbitrary divisors of the polytope
that appears in toric geometry. Indeed, the functions introduced by Yuan and by
Boucksom and Chen can be seen as a generalization to arbitrary metrized divisors
(under the aforementioned hypothesis) of the global roof function.

Our second main result is the following characterization of positive toric metrized
R-divisors (Theorem [6.1)).



4 BURGOS GIL, MORIWAKI, PHILIPPON, AND SOMBRA

Theorem 2. Let X be a proper toric variety over K and D a toric metrized R-
divisor on X. Then

(1) D is ample if and only if ¥p is strictly concave on X, the function V5., s
concave for all v € Mg, and I5(x) > 0 for allz € Ap;

(2) D is nef if and only if V5., 18 concave for all v € Mg and I5(z) > 0 for
all x € Ap;

(3) D is big if and only if dim(Ap) = n and there exists ¥ € Ap such that
195(33) > 05

(4) D is pseudo-effective if and only if there exists x € Ap such that Vp(x) > 0;
(5) D is effective if and only if 0 € Ap and 195,1)(0) >0 for all v € Mk.

There are several questions one can ask about the relations between the different
notions of positivity. An effective metrized R-divisor is also pseudo-effective and,
conversely, one can ask if any pseudo-effective metrized R-divisor is linearly equiv-
alent to an effective one. As Moriwaki pointed out, this question can be seen as an
extension of Dirichlet’s unit theorem to metrized R-divisors on varieties [Mor13].

Another relevant question is whether one can approximate pseudo-effective or big
metrized R-divisors by nef or ample ones. A Zariski decomposition of a big metrized
R-divisor D amounts to its decomposition, up to a birational transformation, into
an effective part and a nef part which has the same arithmetic volume as D. Such a
decomposition always exists when the underlying variety is a curve over a number
field [Mor12c| but it does not always exist for varieties of higher dimension [Mor13].

In the absence of a Zariski decomposition, one can ask for the existence of an
arithmetic Fujita approximation. The existence of an arithmetic Fujita approxi-
mation was proved by Yuan [Yua09a] and by Chen [Chel0] for the case when K is
a number field, D is a divisor, the metrics at the infinite places are smooth, and
those at the finite places come from a common projective model over Ok.

As a consequence of our characterization of the different notions of arithmetic
positivity, we give a positive answer to the Dirichlet’s unit theorem for toric vari-
eties when the base field K is an A-field, that is, a number field or the function
field of a curve over a finite field. We also give a criterion for when a toric Zariski
decomposition exists and we prove a toric Fujita approximation theorem (Theo-
rem [7.2]).

Theorem 3. Let X be a proper toric variety over K and D a toric metrized R-
divisor on X.
(1) Assume that K is an A-field. Then D is pseudo-effective if and only if there
erists a € Ap and o € K* @ R such that
D+ d/i?/(axa) > 0.
(2) Assume that D is big. Then there exists a birational toric map ¢: X' — X
and toric metrized R-divisors P, E on X' such that P is nef, E is effective,
©0'D=P+E and vol(X',P)=vol(X,D)

if and only if © is a quasi-rational polytope (Definition .

(3) Assume that D is big. Then, for every e > 0, there exists a birational toric
map ¢: X' — X and toric metrized R-divisors A, E on X' such that A is
ample, E is effective,

¢'D=A+FE and vol(X',A) > vol(X,D) —e.
A stronger version of the Zariski decomposition asks that the nef part is maximal

in a precise sense (Definition [3.27)). In the toric setting, one can ask for the exis-
tence of a decomposition which is maximal among all toric ones (Definition |7.1).
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Indeed, we show that the criterion in Theorem [3{|2]) extends to pseudo-effective
metrized R-divisors if one uses this stronger version of the Zariski decomposition
(Theorem [7-2)[2)).

A related question in whether the existence of a non-necessarily toric Zariski
decomposition of a big toric metrized R-divisor is equivalent to the existence of a
toric one. In §8 we give a partial affirmative answer to this question restricting to
toric varieties defined over Q and arithmetic R-divisors (Theorem [8.2]). Roughly
speaking, arithmetic R-divisors correspond to metrized R-divisors whose metrics
at the non-Archimedean places are given by a single integral model and they are
closer to the more traditional language of arithmetic varieties, see Example for
the precise definition and more details.

Since Arakelov geometry can be developed in different frameworks, we discuss
briefly the one in the present text. We have chosen to use the adelic language
introduced in this context by Zhang in [Zha95b] instead of the language of arith-
metic varieties of Gillet and Soulé as in [GS90]. This point of view is more general
and flexible, and allows to treat the cases of number fields and of function fields
in a uniform way. Moreover, since general proper toric varieties are not necessarily
projective nor smooth, we do not add any hypothesis of projectivity or smooth-
ness. Also, we work in the framework of R-divisors since it is the appropriate one
for Dirichlet’s unit theorem on varieties, and it is also suitable for discussing the
Zariski decomposition and Fujita approximation problems.

There are several different definitions in the literature for the various notions of
arithmetic positivity, depending on the used framework. Adding the appropriate
technical hypothesis, these different definitions are equivalent but, in general, they
are not. Due to our choice of working framework, we had to adjust these pre-existing
definitions (Definition . A systematic study of the definitions we propose here,
including the openness of the ample and the big cones, the closedness of the nef
and the pseudo-effective cones, and the continuity of the arithmetic volume, falls
outside the scope of the present text. Nevertheless, our results show that these
definitions behave as expected in the toric case.
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1. GLOBAL FIELDS

Throughout this text, by a wvalued field we mean a field K together with an
absolute value | - | that is either Archimedean or associated to a nontrivial discrete
valuation. If (K,|-|) is a valued field, then we set K° = {z € K | || < 1}. When
| - | is non-Archimedean, the unit ball K° is a ring.

Let K be a field and 91 a family of absolute values on K with positive real
weights. For each v € 9 we denote by | - |, the corresponding absolute value, by
n, € Rso the weight, and by K,, the completion of K with respect to |- |,. We also
set

\ 1 if | - |, is Archimedean,
R [ log|wy|,  otherwise,

where w, is a uniformizer of the maximal ideal of K.
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We say that (K, 9) is an adelic field if the following conditions hold:

(1) for each v € M, the completion K, is a valued field;
(2) for each a € K*, |a|, = 1 except for a finite number of v.

The adelic field (K, 907) is said to satisfy the product formula if, for all o € K*|

Z ny, log|al, = 0.

veM
Let F be a finite extension of K. For each v € 9, let N, be the set of pairs
w = (| |w,nw) where | - |, is an absolute value on F that extends |- |, and

[Fy : Ky)

1.1 P ) A
(L1.1) " F:-K
If 91 = U,MN,, then (F,MN) is an adelic field. For w € N, we note w | v if | - |4
extends | - |,. By [Lan83, Proposition 4.3], if (K, 1) satisfies the product formula
and F is separable over K, then (F, ) satisfies the product formula too.

Example 1.2. Let Mg be the set formed by the Archimedean and the p-adic
absolute values of Q, normalized in the standard way, with all weights equal to 1.
Then (Q,Mg) is an adelic field that satisfies the product formula. We identify Dig
with the set {oo} U {primes of Z}. For a number field K, the construction above
gives an adelic field (K, M) which satisfies the product formula too.

Example 1.3. Consider the function field K(C) of a smooth projective curve C
over a field k. For each closed point v € C' and o € K(C)*, we denote by ord,(a)
the order of « in the discrete valuation ring Oc,. We associate to each v the
absolute value and weight given by

lay = e "y = [k(v) : 1]

with

#E if #k < oo,
Cr. =
F e if #k = oo.

Let My () denote this set of absolute values and weights. The pair (K(C), Mk cy)
is an adelic field which satisfies the product formula, since the degree of a principal
divisor is zero. In this case, A, = log(cy) for all v.

More generally, let K be a finite extension of K(C'). Applying the construction
in , we obtain an adelic field (K, Mg k(cy). In this geometric setting, this
construction can be formulated as follows. Let 7: B — C be a dominant morphism
of smooth projective curves over k such that the finite extension K(C') — K iden-
tifies with 7*: K(C) — K(B). For a closed point v € C, the absolute values of K
that extend | - |, are in bijection with the closed points of the fibre of v. For each

closed point w € 7w~1(v), the corresponding absolute value and weight are given,
for g € K(B)*, by

—exdulf) ewlk(w) : k|
(1.4) Blw=c, “ , Nw=—rc—r—,

g [K(B) : K(C)]
where e,, is the ramification index of w over v. We have
(1.5) Aw = log(cy)/ew.

Observe that this structure of adelic field on K depends on the extension and not
just on the field K(B). For instance, (K(C), Mk ) corresponds to the identity
map C — C, but another finite morphism 7: C' — C may give a different structure
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of adelic field on K(C). The projection formula for the map 7 implies that, for each
v € Mk (c), the equation

K:KC)]= > [Ky:K(C)]
’LUGEUIK/K(C)
v|w
is satisfied. From which we obtain that (K, k) also satisfies the product
formula.

Definition 1.6. A global field is a finite extension K/Q or K/K(C) for a smooth
projective curve C over a field k, with the structure of adelic field given in exam-
ples or respectively. To lighten the notation, we will usually denote those
global fields as K although, in the function field case, the structure of adelic field
depends on the particular extension. In both cases, we will denote by 9k the set
of places and by dgk the degree of the extension.

Note that our use of the terminology “global field” is slightly more general than
the usual one since, in the function field case, we allow an arbitrary base field. The
price to pay for this greater generality is that, in the function field case, we can
not use the nice topology of the adeles. Instead, we will have to use geometric
arguments. Following Weil [Wei74], we will use the terminology “A-field” for the
global fields which are either a number field or a finitely generated extension of
degree of transcendence 1 of a finite field.

We recall the notion of 9Mk-divisor, which can be also found in [Lan94, Chap-
ter V] for the case of number fields.

Definition 1.7. Let K be a global field. An 9g-divisor is a collection ¢ =
{cy }vemy, of positive real numbers such that ¢, = 1 for all but finite number of v
and such that ¢, belongs to the image of | - |, for all non-Archimedean v. We set

L(c) = {y €K | |7]o < ¢, for all v}
and ~
/l\(c) _ log(# L(¢)) if K is a number field,
) log(ck) dlmk(ﬂ( )) if K is a function field.

We also set d/(%( ) =, dx ny log(c,

)-
Example 1.8. Let K = K(B)/K(C) be an extension of function fields viewed as
a global field as in Example Let ¢ = (¢y), be an Mg-divisor. For each closed
point v € B, the condition that ¢, belongs to the image of the absolute value | - |,
is equivalent to log(c,)/A, € Z. Consider the Weil divisor on B given by

= Zdv[v}

with d, = log(c,)/Ay. Let L(D(c)) be the associated linear series and [(D(c)) its
dimension. Then

-~

(1.9)  L(c) = L(D(c)), 1(c) =log(cx) U(D(c)), deg(c) = log(cy) deg(D(c)).
These equalities follow easily from the definitions. For instance, we prove the last
equation with the help of (1.4) and |D

deg(c) ZdKnv log(c,) Zd colk :k] Gl 8 4,

= log(cy) Zd = log(cx) deg(D(c)).
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Thus, an 9Mk-divisor can be identified with a Weil divisor on the curve B. This
identification respects their linear series and the associated invariants, up to the
multiplicative constant log(cy).

Lemma 1.10. Let K be a global field. Then, there exists k > 0 depending only
on K such that, for any Mk-divisor c,

7(c) — max(0, deg(c))| < &.
Proof. If K is a number field, then, in the notation of [Lan94, page 101],

I(c) =log(A(c)), deg(c) = log ||c[|x
and [Lan94l Chapter V, Theorem 0] gives the result.

Hence, we only have to consider the case when K is the function field of a smooth
projective curve B. Let D = D(c) be the Weil divisor associated to the Mig-divisor
¢ as in Example If deg(D) < 0, then (D) = 0 and so /l\(c) = maX(O,d/éTg(c))
by (1.9), and the lemma is proved in this case. When deg(D) > 0, we have that
I(D) < deg(D) + 1 and, by the Riemann-Roch theorem [Liu02, Theorem 3.17],

I(D) = deg(D) — (9(B) — 1)
where g(B) is the genus of B. Hence, |1(c) — max(0, d/c:g(c))| < (g9(B) — 1) log(cx),

thus proving the lemma. O

Lemma 1.11. Let K be a global field and S C Mk a finite subset. Let {~, }pemsz be
a collection of positive real numbers such that v, = 1 for all except a finite number

of v, and such that
T <1

vEMK
Let 0 < n <1 be a real number. Then, there is an integer ly > 1 such that, for
all £ > Ly, there exists a € K* with |al,v, < 1 for all v € Mg and |a|,¥, < n for
allveS.

Proof. Consider the finite set of places
S =SuU{veMg|v #1}U{ve Mk |vis Archimedean}.

For each v € S” we pick 7, > 7, in such a way that [, 77* < 1 while, for
v € Mg\ S, we set ¥, =7, = 1. Then for each v € S” we can find an integer ¢,
such that

(1.12) £y (log(Fw) — log(7w)) > Ay — log(n).
Choose £y > max,cg’ £, satisfying also that

—{y Z dg ny log(Fw) > K,

where k is the constant in Lemma Let ¢ > ¢y. By (1.12)), for each v € S’ the
interval [—¢log(7,),log(n) — £1log(y,)] has length bigger than A,. Therefore, we can
choose z,, € K with
x < Nawlo < e
T A
Set ¢, = |xy|y for v € S" and ¢, = 1 for v € S’. Then ¢ = (¢,), is an Mg-divisor
with -
deg(c) = ZdK Ny log [Ty |y > fKZdK ny log(Fy) > k.

Lemma then implies that L(c¢) # {0}. Hence, we can find o € K* such that
laf, < ¢y < 5¢ for all v € Mg and |af, < ¢, < ny, ¢ for v € S, proving the
result. O
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2. ADELIC VECTOR SPACES

Let (K,|-|) be a valued field and V' a vector space over K. By a norm on V we
will mean a norm in the usual sense in the Archimedean case and a norm satisfying
the ultrametric inequality in the non-Archimedean case. Let (V] - ||) be a normed
vector space over K. If F C K and F' C V we write

|El ={la| [a € B} CR>o, |F|| ={llz] |z € F} CRxo.
Let V° = {z € V| ||z|| < 1} be the unit ball of V. When K is non-Archimedean,
V° is a K°-module.

Example 2.1. Let K be a valued field and » > 0. We can give a structure of
normed vector space to K" by considering, if | - | is Archimedean, the Euclidean
norm and, if | - | is non-Archimedean, the ¢*°-norm. In precise terms, for x =
(x1,...,2,) € K7,

]| = (>, |xi|2)1/2 if | - | is Archimedean,
max; |Z;|y otherwise.
This choice of norm gives the standard structure of normed vector space on K.
We recall the notion of orthogonality of a basis in a normed vector space.

Definition 2.2. Let K be a valued field and V' a normed vector space over K. A
set of vectors {by1,...,b,} of V is orthogonal if, for all y1,...,7v. € K,

> il > max [|7ibi|.
i=1
An orthogonal set of vectors {b1,...,b.} is orthonormal if ||b;|| = 1 for all i.

For an r-dimensional normed vector space, the presence of an orthogonal basis
allows to compare its unit ball with an ellipsoid in the standard normed vector
space K.

Lemma 2.3. Let (K,|-|) be a valued field and (V,||-]|) @ normed vector space over
K of finite dimension r. Suppose that there is an orthogonal basis b = {b1,...,b.}
of V and let ¢p: V — K" be the induced isomorphism.

(1) Suppose that | -| is Archimedean and consider the ellipsoid

> bl < 1}
i=1

E={n,....m) €K

Then r='E C ¢,(V°) C \/TE.

(2) Suppose that | - | is associated to a nontrivial discrete valuation with uni-
formizer w. Let oy € K such that ||b;]| < |oi| < |@|7t||bi]|. Then the
vectors {a7 by, ..., a;'b.} form a basis of V°. In particular, if we con-

sider the set

then ¢p(V°) = E.
Proof. We consider first the Archimedean case. On the one hand, let x € V° and
write x = ), v;b; with v; € K. Then max; |v]||b;]| < ||z]| < 1, since the basis b is
orthogonal. Hence Y, |v;|?||b;]|* < 7, which implies that ¢,(V°) C /TE. On the
other hand, let (y1,...,7.) € r'E and write z = >, b for the corresponding
point of V. We have ||z|| < rmax; |v|||b:]| < (32, [7i[?[b:]|?)*/? < 1, which implies
that r—1E C V°.
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Now consider the non-Archimedean case. Let x = ), v;b; € V. If x € V°, then

<|w|™t

max || || < ||~ max |;][[b;]| < |w|71H E Yibi
i i -
1

Since the first inequality is strict, this implies that max; |v;||a;| < 1, hence y;; €
K° and so V° C 3, K°a; 'b;. Conversely, let € >, K°a; 'b;. Then ||z| <
max; |o; *|||b;]| < 1, which proves the reverse inclusion. O

The notion of orthogonality on general normed vector spaces is delicate in the
Archimedean case. By contrast this notion behaves nicely in the non-Archimedean

case. For instance, if (V,|| - ||) is a normed vector space of dimension r over a
non-Archimedean valued field and {b1,...,b,} is a orthogonal basis of V', then

Z Vibs
i=1

Moreover, orthogonal bases always exist in the non-Archimedean case.

(2.4) = max b

Proposition 2.5. Let (V.|| -||) be a normed vector space of dimension r over a
non-Archimedean valued field (K, |-|). Then there exists an orthogonal basis of V.

Proof. When K is locally compact, the proof can be found in [Wei74, Proposi-
tion I1.3]. For completeness we include a proof for an arbitrary discrete valuation.

Let | K| be the set of nonzero values of K. This is a discrete subgroup of Rsq. Tt
can be verified that, if 21, ...,z are nonzero vectors of V such that the norms ||z;||
belong to different cosets with respect to |K*|, then these vectors are orthogonal.
Since orthogonal vectors are linearly independent, we deduce that the set of norms
IV \ {0}] is a finite union of at most r cosets of |K*|. Hence, this is a discrete
subset of Rsq.

Let now bq,...,b,. be a basis of V. We construct a orthogonal basis inductively.
Put e; = ;. For 2 < k <r—1, assume that we have already chosen a set ey, ..., eg
of orthogonal vectors that span the same subspace as by,...,b;. Choose a vector
ekt+1 = bpy1 + Zf:l aje; with the property that

k
(2.6) llex+1]|| = inf {ku—H + ZocjejH ‘ a1,...,ap € K}

j=1
This vector exists because of the discreteness of ||V \ {0}|]. Condition ([2.6) implies
that the set ey, ..., ex4+1 is orthogonal. O
Corollary 2.7. The unit ball V° is a free K°-module of rank r.
Proof. By Proposition V admits an orthogonal basis. Thus, the statement

follows from Lemma . t
In the Archimedean case, a norm is determined by its unit ball. This is not

true in the discrete valuation case. For a normed space (V|| -||) over a valued field

(K,| 1), the norm associated to the unit ball is defined, for x € V, as

(2.8) lz]lve = inf{la] | @ € K,z € aV°}

In general, ||z|| < ||z||ve. Following [Gau09], we say that the normed space (V|| ||)

is pure if ||z|| = ||z|lvo for all z € V. The purification of (V,] - ||) is the normed

vector space (V|| - [|ve).

All normed spaces over an Archimedean field are pure. In the non-Archimedean
case, we have the following criterion.

Proposition 2.9. Let (V,||-]|) be a normed space over a non-Archimedean valued
field (K,|-|). Then the following conditions are equivalent:
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(1) (V[ 1]) s pure;
(2) VI = |K];
(3)
(4)

Proof. Since the valuation is discrete, we have that
[zllve = min{t € |K| [t > |=[]}.

The equivalence of and follows easily from this. The fact that implies
(2)) is clear, whereas the reverse implication follows from Proposition By Corol-
lary V° admits a K° basis, and so implies (3). Thus, it only remains to
show that implies .

Consider K" with its standard structure of normed vector space as in Exam-
ple With this structure, the standard basis is orthonormal. Let b = {by,...,b,.}
be a K°-basis of V° and ¢p: V — K" the isomorphism given by this basis. The
image of V° by this isomorphism is the unit ball of K”. Therefore, if V' is pure, ¢
is an isometry and b is an orthonormal basis. 0

there exists an orthonormal basis of V;

1
2
3
4) every K°-basis of V° is orthonormal.

Partly following [Gau09], we introduce a notion of adelic vector space. As Gau-
dron points out, this notion extends that of Hermitian vector bundle, which is at
the base of Arakelov geometry.

Definition 2.10. Let (K, 1) be an adelic field. An adelic vector space over (K, )
is a pair V.= (V,{||" |lo }ueam) where V is a vector space over K and, for each v € 90,
| - |lo is a norm on the completion V, := V ® K,, satisfying, for each z € V' \ {0},
that ||z||, = 1 for all but a finite number of v.

Let V be an adelic vector space over (K,9). An element z € V is small if
lz]l, <1 forallve M. Asmallelement x € V is strictly small if [ [, cop [lz[7 < 1.
If S C M is a finite set, then a small element x € V is strictly small on S if |z, < 1
forallv e S.

The adelic vector space V is called pure if (V,,| - ||,) is pure for all v € M.
The purification of V is the adelic vector space Viuwr = (V,{|| - [lo,ve}v). If V is
finite dimensional, it is called generically trivial if there is a K-basis of V' that is an
orthonormal basis of V,, for all but a finite number of v. Clearly, if V is generically
trivial, the same is true for its purification.

Note that Gaudron’s definition of adelic vector space includes the condition of
being generically trivial.

Example 2.11. Let K be a global field and » > 0. The standard structure of
adelic vector space on K" is defined by choosing the standard norm on Kj for each
place v € Mk, as explained in Example The obtained adelic vector space is
pure and generically trivial.

Example 2.12. Let K be a global field. A normed vector bundle is:

(1) when K is a number field, a locally free Og-module &, together with the
choice of a norm || - ||, on & ® K, for each Archimedean place v;
(2) when K = K(B) is the function field of a smooth projective curve, a locally
free Og-module £.
To a normed vector bundle &£, we associate the adelic vector space E = (E, {|-[l.})
given by the vector space ' = £ ® K, the given norm for each Archimedean place
v € Mk, and the norm

|lz|l, = inf{lal, |0 € K,z € a&,},

for each non-Archimedean place v. Clearly, this adelic vector space is pure and
generically trivial.
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The previous example covers all cases of pure and generically trivial adelic vector
spaces over a global field.

Proposition 2.13. Let V be a finite dimensional adelic vector space over a global
field. Assume that V is pure and generically trivial. Then, it is the adelic vector
space associated to a normed vector bundle.

Proof. We give the proof of this statement for the case of function fields only, the
case of number fields being analogous. Let K = K(B) for a smooth projective
curve B. For each open subset U C B, we write

EAU)={z eV ||z, <1, Yo e U}

Clearly, & is a sheaf of Op-modules. Let vg € B and choose a Kj -basis b of V7.
Since V is generically trivial, there is a basis e of V that is an orthonormal basis of
V, for all but a finite number of places v. Let U be the subset of B containing the
generic point, the point vy, and all the closed points v € B such that det(e/b) is a
unit of K. Then, U is a neighbourhood of vy such that b is a K;-basis of V> for
all closed points v € U. This shows that & is locally free.

Since V is pure, its norms agree with the norms induced by &, which completes
the proof. O

Definition 2.14. Let V be an adelic vector space over a global field K. The set of
small elements of V is denoted by H°(V). We further write

70 V) = log(#H°(V)) if K is a number field,
) log(er) dimg (HO(V))  if K is a function field.

If K is a function field over a finite field, then EO(V) = log(#H(V)) since
cr = #k. Thus, both definitions agree for A-fields.

Example 2.15. Let K be a global field and ¢ = (¢,), an Mg-divisor. We define a
normed vector space V(c), given by V(¢) = K and ||a||, = ¢; !|a|,. Then V(c) is a
pure and generically trivial adelic vector space over K. Moreover, HY (V(¢)) = L(c)
and ROV (¢)) = 1(c).

When K is a function field and the adelic vector space comes from a normed
vector bundle, the sets H°(V) can be interpreted as the space of global sections of
the model defining the metric.

Example 2.16. Let K = K(B) be the function field of a smooth projective curve
with the structure of global field given by Example Let £ be a locally free
Op-module and E the associated adelic vector space as in Example m Then
there is a canonical isomorphism

H°(B,€&) ~ H(E),
given by restriction to the generic fibre. In particular,
(2.17) h°(E) = log(ck)h°(B, €).

We next recall the definition of the Euler characteristic of an adelic vector space.
For general function fields, the definition differs from that for A-fields since, in that
case, we do not dispose of a Haar measure on the corresponding space of adeles.

Definition 2.18. Let K be a global field and V a generically trivial adelic vector
space over K of finite dimension r.
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Assume first that K is a number field. Let A be its ring of adeles, set V3 = VRgA,
and consider the adelic unit ball

Ve =][Vvs c Va.
Let 41 be a Haar measure on K}. The Fuler characteristic of V is defined as

PSS n(Vy) )

X =tos (v )
This number does not depend on the choice of p. In other words, the Euler char-
acteristic is the ratio between the volume of the unit ball and the covolume of the
lattice V' C Vj.

Next assume that K is a function field. Let b be a basis of V' over K and, for

each v € M, choose a basis b, of V2 over KS. The Euler characteristic of V is
defined as

(2.19) (V)= dgn,log|det(b,/b)], .

where b, /b denotes the matrix of b, with respect to the basis b. This quantity does
not depend on the choices of bases because of the product formula.

In both cases, the formula makes sense because the adelic vector space is gener-
ically trivial.

Remark 2.20. Let K be a number field and V an adelic vector space over K of finite
dimension r. With notations as in Definition for each Archimedean place v ,
we consider the Lebesgue measure y, on K!. Therefore, for v real, u,((K})°) = 2"
whereas, for v complex, u,((K%)°) = 7". We choose a basis b of V over K and, for
each non-Archimedean v, we also choose a basis b, of V;? over K;. Then

(2.21) X(V) = log(po(¢,0(Vi))) + Y dic iy log | det(by /)],

v|oo vioo
where ¢y ,: V, — K| is the isomorphism induced by the basis b. This is the
analogue for number fields of formula (2.19)).

When V is an adelic vector space over a function field coming from a normed
vector bundle, its Euler characteristic coincides with the Euler characteristic of the
associated model, up to an additive constant.

Example 2.22. Let n: B — C be a dominant morphism of smooth projective
curves over a field k and consider the function field K = K(B) with the structure
of global field as in Example Let £ be a locally free Og-module of rank r and
E the associated generically trivial adelic vector space as in Example Choose
a K-basis b of E and a Kj-basis b, of E, for each v € Mg. Then

—ordy (det(by /b))

R(E) =" dinylog | det(by/b)], = Y euk(v) : K]log (ck = )

= log(cx) Z[k(v) : kJord, (det(b/b,)) = log(cg) deg(&),

v

where e, denotes the ramification index of v over 7(v). The Riemann-Roch theorem
for vector bundles on curves then implies

X(E) = log(cx)(x(€) + r(g(B) — 1)),
where x(€) is the Euler characteristic of £ and g(B) is the genus of B.

The space of small elements and the Euler characteristic of an adelic vector space
depend only on its purification, as it follows immediately from the definitions.



14 BURGOS GIL, MORIWAKI, PHILIPPON, AND SOMBRA

Proposition 2.23. Let V be a generically trivial adelic vector space over a global
field. Then

HY(V) = H°(Vpu),  X(V) = X(Vpur)-
The presence of an orthogonal basis allows us to estimate the Euler characteristic
of an adelic vector space.

Proposition 2.24. Let V be a generically trivial adelic vector space over a global
field K of finite dimension r. Let b = {by,...,b.} be a basis of V over K which
is an orthogonal basis of V, for all v € Mg. Let S C Mg be the finite set of
non-Archimedean places such that ||b;||, # 1 for some i. Then

V)= > > dienglog(lbill; )| < dicr(Tog(rr) + >y ).

vEMK 1=1 vES

Proof. We consider the case when K is a number field. We will freely use the
notation in Remark [2:20] Let v be an Archimedean place and consider the ellipsoid
E, = {(’yl,...,'yr) € K2 | 3, [%l2lb:]|2 < 1}. When v is real, the volume of this
ellipsoid is g, (E,) = 27 [, ||bs|l; %™ whereas, when v is complex, it is ju,(E,) =

I
7" 1, 6], ™. Lemma “. then implies

(2.25) —rlog(r) < log(puw(¢p(V, ZdKnU log(]|b; ||v ) < Tlog(r)

5 + rlogm.
b

Now let v be a non-Archimedean place. Let o, ; € K, such that [|b;, < |ay,ilv <
|z |52 ||bs Hv for v € S and a,; = 1 for v ¢ S. By Lemma [2.3([2)), the vectors
by = amb“ i =1,...,r, form a basis of VY and |det(d,/b |U IL o, ot
Hence, for v € S,

(2.26) —r)y < log|det(b, /)], Zlog lo:ll, 1) <o,

~

whereas log |det(b,/b)|, = >, log(||bill,*) = 0 for v ¢ S. Adding up (2.25) and
(2.26)) and using the formula ([2.21)), we conclude

—dKr<log +3 A ) V) =35 dieny log(Ibill, ) < dic rlog(mr).
veS v 4

The case of a function field follows similarly by applying Lemma . The

resulting upper bound is better, since it does not have the term log(mr). U

3. METRIZED R-DIVISORS

In this section, we introduce the basic definitions concerning metrized R-divisors
and the problems we are interested in. We start by recalling the geometric analogues
for R-divisors. Details on the theory of R-divisors can be found in [Laz04].

Let K be a field and X a proper normal variety over K of dimension n. We
denote by Car(X) and Div(X) the groups of Cartier divisors and of Weil divisors
of X, respectively. The spaces of R-divisors and of R-Weil divisors of X are defined
as

Car(X)r = Car(X) ®z R, Div(X)r = Div(X) ®@zR.
Thus, an R-Cartier divisor on X is a formal linear combination ), a;D; with
a; € R and D; € Car(X), and similarly for an R-Weil divisor. In this text, we will
be mainly concerned with Cartier divisors and R-Cartier divisors and so we will
call them just divisors and R-divisors, for short.

Since X is normal, there is an injective morphism Car(X) < Div(X). Then, the
fact that Div(X) is a free Abelian group implies that the maps Car(X) — Car(X)g
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and Car(X)g — Div(X)g are injective. Given an R-divisor D on X, its support is
defined as the support of the associated R-Weil divisor and is denoted by |D|.

Let K(X)* be the multiplicative group of nonzero rational functions of X and
set K(X)g = K(X)* ®z R. The map div: K(X)* — Car(X) extends by linearity
to a map K(X )z — Car(X)g, also denoted by div.

The spaces of nonzero global sections and global R-sections of an R-divisor D on
X are respectively defined as

D(X,D)* = {(f,D) | f € K(X), div(f)+ D > 0},
(X, D)} = {(f,D) | f € K(X)Z, div(f)+ D > 0}.

The spaces of nonzero rational sections and rational R-sections of D are respectively

defined as
Rat(X,D)* := K(X)* x {D}, Rat(X,D)y :=K(X)z x {D}.
For s = (f, D) € Rat(X, D)y, we write
div(s) = div(f) + D € Car(X)g.

Let L(D) = T'(X,D)* U {(0,D)} be the Riemann-Roch space of D. Note that,
contrary to the usual convention, we have added the label “D” to the elements of
L(D). This is a K-vector space and we set [(D) = dimg (L(D)) for its dimension.
The volume of D is defined as

. 1(¢D)
vol(X, D) = h?isolip Yk

Let Y be a d-dimensional subvariety of X and Dy, ..., Dy a family of R-divisors
on X. The intersection product (D;--- Dy -Y) is defined by multilinearity from
the intersection product of Y with divisors. The degree of Y with respect to an
R-divisor D is deg,(Y) = (D¢ -Y).

An R-divisor is ample (respectively big, effective) if it is a linear combination of
ample (respectively big, effective) divisors with positive coefficients. Given divisors
Dy and Ds, the condition that D; — D5 is effective is denoted by D; > Dy. An
R-divisor D on X is nef if degp(C) > 0 for every curve C C Xg. It is pseudo-
effective if there exists a birational map p: X’ — X of normal proper varieties
over K and a divisor E on X’ such that ¢p*D + FE is big for all £ > 1.

Remark 3.1. The definition of pseudo-effective given here differs from the one
in [Laz04, Definition 2.2.25] because we are not assuming that the variety X is
projective. For projective normal varieties, both definitions are equivalent.

We now introduce metrized divisors and metrized R-divisors on varieties over
global fields. Throughout the rest of this section, X will be a normal proper variety
over a global field K of dimension n. For each place v € Mk, we denote by X32"
the v-adic analytification of X. In the Archimedean case, if K, >~ C, then X2" is
an analytic space over C, whereas if K, ~ R, then X3" is an analytic space over
R, that is, an analytic space over C together with an antilinear involution (see for
instance [BPS14l Remark 1.1.5]). In the non-Archimedean case, X3 is a Berkovich
space (see [BPSI4] §1.2]). Similarly, a line bundle L on X defines a collection of
analytic line bundles {L2"},cony -

Following loc. cit., all considered metrics will be continuous, by definition. For
v € Mg, a metric || - ||, on L2 is semipositive if it is the uniform limit of a se-
quence of semipositive smooth (respectively algebraic) metrics in the Archimedean
(respectively non-Archimedean) case. The metric || - ||, is DSP if it is the quotient
of two semipositive ones. A metric on L is, by definition, an adelic collection of
metrics || - ||, on L2", v € Mk. Such a collection is quasi-algebraic if there is an

v o
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integral model which defines the metric | - ||, except for a finite number of v. We
refer to [BPS14] Chapter 1] for the precise definitions and more details.

Definition 3.2. For v € My, a v-adically metrized divisor on X is a pair D =
(D, || -||) formed by a divisor and a metric on the analytic line bundle O(D)3". We
say that D is smooth (in the Archimedean case), algebraic (in the non-Archimedean
case), or semipositive (smooth or algebraic) if so is the metric ||-||. The v-adic Green
function of D is the function gg: X2\ |D| — R given by

9p(p) = —log [lsp(p)l,
where sp is the canonical section of O(D). The space of all v-adically metrized
divisors on X is denoted by Car(X),.

A quasi-algebraic metrized divisor on X is a pair D = (D, {]| - ||» }vemy ) formed
by a divisor D and a quasi-algebraic metric on the line bundle O(D). The space of
quasi-algebraic metrized divisors on X is denoted by Car(X). For D € Car(X) and
v € Mg we denote by g5 , the v-adic Green function of D, defined as the Green
function of the v-adically metrized divisor (D, || - ||,).

Definition 3.3. Let X be a proper normal variety over K. The space of quasi-
algebraic metrized R-divisors on X is the quotient

Eﬁﬂxm:(ﬁﬂxm%R/N

where ~ is the equivalence relation given by Y, a;D; ~ 3, B;E; if and only if
YDy = Zj B;E; and, for each v € M, there is a dense open subset U, of X3*
such that

> igp, () = Bigg, ,(p) forp U,
i J

The function g5 ,: Uy — R defined by g5 ,(p) = >, @igp, , is called the v-adic

Green function of D. An element of D € é\ar(X )r is called a quasi-algebraic
metrized R-divisor or, for short, a metrized R-divisor.

For v € Mk, we can similarly define the space of v-adically metrized R-divisors
on X, denoted by Car(X),g. A v-adically metrized R-divisor D is called smooth
or algebraic if it can be written as D = . a;D; with D; € @(X)v smooth or
algebraic, respectively. In each of these cases, it is called semipositive (smooth or
algebraic) if it can be written as D = Y. a;D;, with o; > 0 and D; € (/]-aH"(X)U
semipositive (smooth or algebraic).

Definition 3.4. A rational function f € K(X)* defines a metrized divisor

div(f) = (div(f), {ll - 7,0 tvem )
where {|| - ||f,v}v is the metric on the line bundle O(div(f))3" which is given by

v

I/~ (p)|lf,0 = 1 for the section f~! € O(div(f))2" and p € X?". This construction

defines a group morphism from div: K(X)* — @(X ), which extends by linearity
to a group morphism

div: K(X)X — Car(X)g.

Let D and D’ be metrized R-divisors. We say that they are linearly equivalent if
there exists f € K(X)g such that

D-D =div(f).

For f € K(X); and v € Mk, the v-adic Green function of d/R/(f) is the function
given by g ), (p) = —log|f(p)lo-
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Lemma 3.5. Let v € Mg and (D, || - ||) a v-adically metrized R-divisor on X. Let
r > 1 and consider a decomposition D = 21:1 a;D; with a; € R and D; € Car(X).

Then there are metrics || - ||; on O(D;)3", i =1,...,r, such that

(D, Zaz (D || - |

Proof. Set D = (D, || -||) and let D = ijl B;E; be a decomposition with 8; € R

and E; € @(X )y. We first consider the case when the decomposition is D = 0.
Let {7v1,...,7-} be a basis of the Q-vector space generated by the numbers
Bi,-.., 0. Write 8; = % Zle N ;7 with n; ; € Z and m € Z>;. Then

1SN

with F; = > ni;E; € @(X)U. Since D = 0 and ~1,...,7s are linearly in-
dependent over Q, we deduce that F; = 0 for all . Since O(0)}" = Oxan, to

give a metric || - || on this line bundle is equivalent to give the continuous function
[I1]]: X2 — Rs. Therefore, we can gather together the different metrics | - ||, on

O(F;)3" with their coefficients, into a single metric on Oxan given by

2= TT I
i=1

Then D = (0, || - ||), which finishes the proof in this case.
We now consider the general case. Choose metrics || - ||} on O(Dp)2" and

I -]l: on O(D;)2", i = 2,...,r, and denote by ﬁll and D; the corresponding v-

v

adically metrlzed divisors. By applying the previous case to the metrized R-divisor

> B;E; 0le1 >y a;D;, we obtain a metric || - [|o on the trivial line bundle.
Finally, we define a new metric on O(D1)3" by || - |1 = ||1H0/a1|| I1 and we set
Dy = (D1, ||+ ||1). Hence D = 3"!_, a;D;, proving the result. O

Let D be a v-adically metrized R-divisor on X and s = (f, D) a rational R-section
of D. Consider the function ||s|| given by

sl = 1£ ()], 792,

where, if f =[], f{*, then |f(p)|, is defined as [[, | fi(p)|3¢. This function is well-
defined on a dense open subset of X3". The following result shows that it can be
extended everywhere outside the support of div(s).

Proposition 3.6. Let v € Mg and D a v-adically metrized R-divisor on X. Let
s=(f,D) € Rat(X,D)y. Then ||s|| can be extended to a continuous function from
Xam\ |div(s)| to Rsg.

In particular, the v-adic Green function g5 can be extended to a continuous
function from X3\ |D| to R.

Proof. Write D = Y/ _, o;D; and f = H§:1 fff with a;, 8; € R, D; € (Ta\r(X)q,
and f; € K(X)*. Let {v}; be a basis of the Q-linear space gencrated by the
numbers ay, ..., o, B1,..., 8 and write

D=3 B, f=]La""
l l

with m € Z>q, E; € Car(X) and g, € K(X)*. The pair s; = (gi, ;) defines a
rational section of the Cartier divisor E;. We have |div(s)| = [J, | div(s;)| because
the ~; are Q-linearly independent.



18 BURGOS GIL, MORIWAKI, PHILIPPON, AND SOMBRA

By Lemma there are v-adic metrics || - ||; on each E; such that
D = —F
2
with E; = (E, | - ||). The function ||s;||; is continuous from X"\ |div(s;)| to Rxg

and there is an open dense subset U, C X>" such that, for p € U,,

Ist)ll = [T s 7™
!

This latter function is well-defined outside |J, |div(s;)| = |div(s)| and gives the
sought extension of ||s||. The second statement follows from the first one applied
to the canonical section sp = (1, D). O

The definition below introduces the notion of v-adic metric of an R-divisor di-
rectly, without passing through v-adic metrics on divisors as in Definition The
following proposition shows that both points of view are equivalent.

Definition 3.7. Let D be an R-divisor on X and v € Mk.

(1) A v-adic Green function on D is a continuous function g: X3" \ [D|] — R
such that, for each point p € X" and a rational R-section s = (f, D) with
p & | div(s)], the function g(p) —log|f(p)|, can be extended to a continuous
function in a neighbourhood of p.

(2) A v-adic metric on D is an assignment that, to each rational R-section s
associates a continuous function ||s]|: X2 \ |div(s)| = Rs¢ such that, for
each v € K(X)g, it holds [|(vs)(p)|| = |7(p)|vlls(p)|| on an open dense
subset of X7".

Proposition 3.8. Let D be an R-divisor on X and v € Mg. It is equivalent to
choose a v-adically metrized R-divisor D over D, to choose a v-adic Green function
for D, or to choose a v-adic metric on D.

Proof. Let D be a v-adically metrized R-divisor over D. The fact that g5 is a v-adic
Green function for D in the sense of Definition follows from Proposition

Now, if g is a v-adic Green function for D, the assignment that to each s =
(f,D) € Rat(X, D); associates the function

Is@)lo = | £(p)]o e 9@

is a metric on D in the sense of Definition

Let now | - || be a metric on D. Choose a decomposition D = ) . o;D; with
a; € Rand D; € Car(X). For each i, choose a metric || - ||; on O(D;). Let
feK(X)* and s; = (fi, D;) € Rat(X, D;)p and s = (f ], fi*", D) € Rat(X, D).
It is easy to check that the formula

||(fa O)H = ||8|| . H HslH_O‘z

defines a metric on the trivial line bundle Oxan. Denote by 0 the zero divisor
equipped with this metric. Then D = " a; D; +0 is a v-adically metrized R-divisor
in the sense of Definition

If we apply cyclically this three constructions starting at any point, we obtain
the identity, showing the equivalence of the three points of view. O

Remark 3.9. Since the points of view of metrized R-divisors, Green functions and
metrics are equivalent, we will apply the introduced terminology to any of them.
For instance, it makes sense to talk of algebraic or smooth metrics on an R-divisor.
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Let D be an R-divisor on X and v € M. There is a natural action of C°(X2", R),
the space of real-valued continuous functions on X3", on the space of v-adic metrics
on D. This action is given, for f € C°(X2",R), by the formula || - || = e | - ||. By
Proposition this action might be equivalently written in terms of v-adic Green
functions as g5 — g5 — f. From this description, the following corollary follows
immediately.

Corollary 3.10. Let D € Car(X)gr and v € Mg. The action of CO(X2™,R) on the
space of v-adic metrics on D is free and transitive.

Given two v-adic metrics || - || and || - ||" on D, the difference of their Green
functions gp,|.| — gp,). > extends to a continuous function on XJ". The distance
between || - || and || - || is defined as

dist([[ - LI ") = sup |gp,j4() — 9o, ().
peXan

Corollary 3.11. Let D € Car(X)r and v € Mk. The space of v-adic metrics
on D is complete with respect to the topology defined by dist.

Proof. This follows immediately from Corollary and the fact that the space
CO(X2, R) is complete with respect to the uniform convergence of functions. [

Definition 3.12. Let D be an R-divisor on X. For v € Mk, a v-adic metric || - ||
on D is semipositive if it is the limit of a sequence of semipositive smooth (in the
Archimedean case) or algebraic (in the non-Archimedean case) metrics on D.

A quasi-algebraic metric {||-||y }vemy on D is semipositive if ||-||,, is a semipositive
v-adic metric for all v. A quasi-algebraic metrized R-divisor is DSP if there are
semipositive metrized R-divisors D1, Dy on X such that D = D; — Ds.

Let Y be a d-dimensional cycle on X and v € Mg. Let D;, i = 0,...,d, be
semipositive v-adically metrized R-divisors on X such that Dy,...,D; meet Y
properly in the sense of [BPS14], Definition 1.4.9], that is, for all I C {0,...,d},
every component of the intersection

YN ﬂ |D;|
il
is of dimension d —#I. The v-adic height of Y with respect to Dy, ..., Dy, denoted
h, 5, .5,(Y), is defined by multilinearity and continuity from the local height of
a cycle with respect to semipositive line bundles [BPS14] Definition 1.4.11]. These
v-adic heights satisfy the Bézout formula

(313) h,p, 5,Y)=h,5 5, (YV-Da)

= [ 1o8llspallaci (Do) A er (D) Ay,
Xan

where ¢1(Dg) A+ - Aci(Dg—1) Ay is the measure on X2 defined by multilinearity
and continuity from the corresponding measures associated to semipositive (smooth
or algebraic) metrized line bundles.

For semipositive metrized R-divisors D; € Car(X)g, i = 0,...,d, the global
height of Y with respect to Do, ..., D4, denoted by hs, B, (Y), can be defined
from local heights similarly as in Definition 1.5.9 of loc. cit.. If Dy, ..., D4y meet Y
properly, then

by, 5,¥)= > mnh, 5  5,(Y).
vEMK
Finally, the notions of local and global heights of cycles extend to DSP metrized
R-divisors by multilinearity.
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Next, we define arithmetic linear series, arithmetic volume and y-arithmetic
volume of a metrized R-divisor D on X, extending to our framework the previous
definitions by Moriwaki and Yuan. Let s € T'(X, D)* be a nonzero global section
of D. For each place v, the function ||s||,: X2*\ |div(s)| = Rso can be extended
to a continuous function X3* — Rx( because div(s) is effective. We set

[sllv,sup = sup [[s(p)]o-
peXan

This induces a v-adic norm on the K,-vector space L(D) ® K,. The collection

of norms {|| - ||v,sup }v gives a structure of generically trivial adelic vector space on

L(D), that we denote by L(D). The small (respectively strictly small, strictly small

on a set of places) elements of L(D) will be called small (respectively strictly small,

strictly small on a set of places) sections. We write i(ﬁ) = H° (L(D)ﬁthe set of
2.14)

small sections of L(D) and we also set 1(D) = h°(L(D)) (Definition . Hence,

(D) =

~

~ log(# L(D)) if K is a number field,
log(c) dimy, (L(D))  if K is a function field.

Definition 3.14. The arithmetic volume and the x-arithmetic volume of a metrized
R-divisor D on X are respectively defined as

—~ 1 1(¢D)
VOI(X7D) = %hﬁgp £"+1/(n+ 1)!3

~ o= 1 X(L(¢D))
I, (X,D)=—1 o
VO X( ) ) dK l?/i)so];lp £n+1/(n ¥ 1)|
Remark 3.15. For metrized divisors on a variety over a number field, the lim sup
in the above definition is actually a limit [BC11l, Theorems 2.8 and 3.1]. We will
not use this fact in this text.

By extension, a global R-section s € I'(X, D)5 is called small if ||s]y,sup < 1 for
all v € Mg. The set of small elements of I'(X, D)y is denoted by f(X,ﬁ)]E.

A small R-section s of D is called strictly small if T, [|s|[7%,, < 1. If S C Mk
is a finite set of places, the R-section s is strictly small on S if ||s||ysup < 1 for all
vesS.

Lemma has the following useful consequence for the existence of small R-
sections which are strictly small on a given set of places.

Proposition 3.16. Let D be a metrized R-divisor on X and s € T'(X, D) a global
R-section such that
I 1l

vEMK

s < L.

v,sup

Let S C Mk be a finite subset and 0 < 1 < 1 a real number. Then there is an integer
lo > 1 such that, for each € > ly, there exists ay € K* such that ||cus’||ysup < 1
for allv € Mg and ||04gsz||v7Sup <n forallveS.

In particular, ays® € f(X, (D) is strictly small on S.

Proof. This follows by applying Lemma, to the real numbers v, = ||s]|ysup. O

Lemma 3.17. Let D be a metrized divisor on X. If D has a strictly small R-
section s, then there exists a positive integer £ such that {D has a strictly small
section so with |div(sg)| = | div(s)].

Proof. Write s = (f, D) with f = H?Zl i where ag,...,aq are Q-linearly inde-
pendent real numbers and «; € Q. The associated R-Weil divisor can be written
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down as [div(s)] = }_;7;Z; with r; > 0 and Z; an irreducible hypersurface. Then

d
| div(s)| = Uzj = |ax div(f1) + D| U | [div(f)].

j i=2
Let o: R9™1 — Rat(X, D)j be the map defined by

(B2, ..., Ba) = ( f” -ﬁffﬂD).
=2

Then, for each 3 € R4~1 [div(a(B))] = >-;7j(B)Z; where r; is an affine function.
Consider the open polyhedral set

A={BeR"|r;(B) >0 for all 5}.

This set is nonempty because (ag,...,aq) € A. Let 7: A — R be the function
defined by

Ny
sup,v*

7(8) =] llo(8)l
Forve Mk, 8,8/ e Aand 0 <0 <1,

1088 + (1 = 0)5) lsup,o < 10 (B)dup,ollo (B lsipre-
From this, we deduce that 7 is log-concave on A and, a fortiori, continuous. Since
T(ag,...,aq) < 1, there exists € AN Q%! such that 7(8) < 1. By Proposi-
tion there exists v € K* and a positive integer ¢ such that so = yo(3)¢ is a
strictly small section of £D. By construction,

|div(so)| = | Z; = [div(s)],
J
as stated. O

We introduce the different notions of arithmetic positivity for a metrized R-
divisor.

Definition 3.18. Let X be a proper normal variety over K and D a metrized
R-divisor on X.
(1) D is generated by small R-sections if, for each p € X(K), there exists
s=(f,D) € f(X,ﬁ)]E such that p & |div(s)].
(2) D is ample if the following conditions hold:
(a) the R-divisor D is ample;
(b) the metric is semipositive;
(c) for each M € (/Ja\r(X )r there exists an £y such that, for all real numbers
¢ > {y, the metrized R-divisor M +¢D is generated by small R-sections.
(3) D is nef if the following conditions hold:
(a) the R-divisor D is nef;
(b) the metric is semipositive;
(c) for every point p € X(K) it holds hy(p) > 0.
(4) D is big if vol(X, D) > 0.
(5) D is pseudo-effective if there exists a birational map ¢: X’ — X of normal
proper varieties over K and a metrized R-divisor E on X’ such that f¢* D+
E is big for all £ > 1.
(6) D is effective if (1,D) € L(D). Given R-divisors D1, Dy on X, the fact
that Dy — Dy is effective is denoted by D; > Ds.

The notion of metrized R-divisor contains that of arithmetic R-divisor introduced
by Moriwaki [Morl2d].
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Example 3.19. Let X’ be normal projective flat scheme over Z with smooth generic
fiber X = X x Spec(Q). An arithmetic R-Cartier divisor on X is a pair D = (D, g)
where D is an R-Cartier divisor on & and g is a locally integrable real function
on X (C) that is invariant under complex conjugation. Let D be the restriction of
D to X. The function g is called a Green function for D of C°-type (respectively
C>-type, PSH-type) if, for every p € X(C), it can be locally written as

k
g(2) = u(@) + 3 (~a:) log|fi (@),
=1

where D = Z _, oDy is the decomposition of D into irreducible components, f;
is a local equation for D;, and u is a continuous function (respectively a smooth
function, a plurisubharmonic function). If g is a Green function of C°-type (re-
spectively C®-type, PSH-type), then D = (D, g) is called an arithmetic divisor of
C-type (respectively C>°-type, PSH-type).

On the one hand, extending the method of Zhang [Zha95b] (see also [BPS14]
§1.3]) to R-Cartier divisors, the integral model D defines an algebraic v-adic metric
on D for each place v € Mg \ {oo}. On the other hand, if g is a Green function
for D of CO-type, then the function 3g is an oo-adic Green function for D which,
by Proposition induces an oo-adic metric on D, The factor 1/2 comes from the
different normalization of Green functions in [GS90] and [Bur97].

Therefore, each arithmetic R-divisor D of C%-type defines a quasi-algebraic
metrized R-divisor on X that we denote by D. The metrized R-divisors that arise
in this way are called algebraic.

We now discuss the relationship between the different notions of positivity for
arithmetic R-divisors that appear in [Morl2c] and those in the present text. Let
D = (D, g) be an arithmetic R-divisor of C%-type and D its associated algebraic
metrized R-divisor.

(1) D is of PSH-type if and only if the oco-adic metric induced by its Green
function is semipositive.

(2) If the R-divisor D is relatively nef, then the induced v-adic metrics are
semipositive for all v # co. The converse of this result is not established
yet, except in the case of equal characteristic zero [BFJ1I, Theorem 2.17].

(3) D is effective (respectively big, pseudo-effective) in the sense of [Morl12d] if
and only if D is effective (respectively big, pseudo-effective) in the sense of
Definition [3.18l

(4) If D is nef in the sense of [Morl2c, §6.1] then D is nef in the sense of
Definition The converse is not known because the converse of is
not known.

(5) If D is of C*°-type, then it is ample in the sense of [Mor12d, §6.1] if and
only if D is ample in the sense of the present text. However, the definition
of ampleness in loc. cit. includes being of C'*°-type, while in the present
text an ample metrized R-divisor is not necessarily of C*°-type.

The following statements contain some of the basic properties of metrized R-
divisors.
Proposition 3.20. Let D be an ample metrized R-divisor on X. Then
(1) D is generated by strictly small R-sections;
(2) for all subvarieties Y of Xg, it holds hi(Y') > 0.

Proof. Let vg € Mk and consider the trivial divisor 0 € Car(X) with the metric
defined by ||1||, = 1 for v # vg and ||1]|, = 2. By the ampleness of D, there exists



ARITHMETIC POSITIVITY ON TORIC VARIETIES 23

£ > 0 such that 0+ D is generated by small R-sections. These small R-sections
are strictly small R-sections of £D, which proves the statement.

We prove this by induction on d = dim(Y). Consider first the case d = 0.
Let Y = {p} where p is a point defined over a finite extension F of K. By , there
is a strictly small R-section s of D such that p ¢ | div(s)|. Then

hy(p) = — Z N 1og [[s(p)[|w > 0.
wEMp
Assume now that Y is a s@variety of dimension d > 1 defined over F. Let s be a
strictly small R-section of D which meets Y properly. By Bézout’s formula (3.13]),

(V) =i (Y - dive) = 3 [ logllsllucr D]+ Ay,
weMp o'

Since D is ample, Y -div(s) is a nonzero (d—1)-dimensional effective cycle. Applying

linearity and the induction hypothesis, h5(Y -div s) > 0. The fact that the metric is

semipositive implies that, for each w € My, the signed measure ci (D, || - ||)"¢ A Sy

is positive and its total mass is deg,(Y). Therefore

bp(¥) > = 3 [ toglslle (D) A 0y

an
wEMp w

> 3 nulog sl [ a(D.]- ) Ay >0,
weMp X

since s is a strictly small R-section and the last integral is equal to degp(Y") for
all w. O

Remark 3.21. In [Zha95a], Zhang proved a Nakai-Moishezon numerical criterion
of arithmetic ampleness in the form of a converse to Proposition for Her-
mitian line bundles, under some technical hypothesis. It would be interesting to
know if such a result is true in full generality for metrized R-divisors. Namely: let
D be a semipositive metrized R-divisor such that hz(Y) > 0 for all effective cycles
Y of X. Is it true that D is ample?

Lemma 3.22. Let D be a metrized R-divisor on X.

(1) Let ¢: Z — X be a birational morphism of normal proper varieties over K.
Then . .
vol(X, D) = vol(Z, ¢*D).
In particular, D is big if and only if ©* D is big.
(2) If D is big and E € @(X) has a small section, then D + E is big.
(3) If £oD s big for some £y > 1, then D is big.

Proof. Let s = (f,D) € T'(X, D)*. Then div(s) = div(f) + D is effective and
so div(p*s) = ¢* div(s) is also effective. Hence, ¢*s = (f o ¢, *D) € T'(Z, p*D)*.
Thus, there is a well-defined map

¢*: [(X,D)* - T(Z,¢*D)*.

We claim that this map is a bijection. The injectivity is clear because the map
f— fogisa bijection between K(X)* and K(Z)*. Let now s = (f o ¢, ¢*D) €
I'(Z,p*D)* and set s’ = (f,D) € Rat(X,D)*. Let [div(s)] be the R-Weil divisor
associated to div(s). Since div(s) is effective, the same is true for [div(s)]. Since X
is normal and Z is proper, for each codimension one point z € X®) there is a
neighbourhood U of z and a section U — Z of ¢ [EGA] II, 7.3.5]. This implies that
[div(s")] is effective. By [EGAL TV, (21.6.9.1)], it follows that div(s’) is effective and
so ' € T'(X, D)™, proving the claim.
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Given s € T'(X, D)X then ||s Hv sup = |l* sH“up for all v and so ¢* induces an
isomorphism between L(D) and L(¢*D). Hence Vol(X D) = Vol(Z ©*D), which
proves the first statement. o

Let so be a small section of E. There is an injective map

L(¢D) — L(¢(D + E))
given by s — sbs. Hence, vol(X, D + E) > vol(X, D) and the statement follows.
Assume that ¢y D is big. We have that

S limsu ﬂ > —limsu onfﬁ)
dx o P F(n 1) T dg ZHOop (o)1 /(n+ 1)I”
Hence, \7(;1(X, D) > vol(X7 ¢oD)/¢a > 0 and so D is big. O

Proposition 3.23. Let D be a pseudo-effective metrized R-divisor on X, p: X" —
X a birational map of normal proper varieties over K, and A an ample metrized
divisor on X". Then £p*D + A is big for all £ > 1.

Proof. By the pseudo-effectiveness of D, there is a birational map ¢: X’ — X from
a normal proper variety X’ and a metrized divisor E on X’ such that qp*D + E
is big for all ¢ > 1. Consider the fibre product of X’ and X" over X and the
corresponding commutative diagram of varieties

y_ " x

XN?X

where p; and po are birational maps. Set ¢ = @ op;. The map ¢: ¥ — X is
birational. Since A is ample, p5A is big, which implies that there is an integer
jo > 1 such that jop5A — pi E has a nonzero section sg.

Let S C Mg be a finite subset such that ||sollsupo < 1 for all v ¢ S. Let
n = (sup,cg ||50]|v.sup) "' Combining Proposition 7 Lemma and Propo-
sition we deduce that there exists j; > 1 and a small section s; of j;p3A such
that [[s1]|ysup < 7 for v € S. Hence, s15¢ is a small section of (jo + j1)p3A — piE.

Set jo = jo + j1- Then

jo(£¢* D + p3A) = (jold* D + pi E) + (japs A — piE).

Since (j2l¢* D + pi E) = pi(jolep* D + E), this is a big metrized R-divisor thanks to
Lemma. Lemma |3 22'. and the fact that jopsA — p; E has a small section
imply that jo (f(b*ﬁ—i—p;A) is big. By Lemma7 (¢*D +psA = p3(Lp* D+ A)
is big. By Lemma , we conclude that £p*D + A is big. O

In [Mor13], Moriwaki proposed an extension of Dirichlet’s unit theorem to the
higher-dimensional case. The following is the natural extension of this question to
our more general setting.

Question 3.24. (Dirichlet’s unit theorem) Let K be an A-field, X a normal proper
variety over K and D a metrized R-divisor on X. Are the following conditions
and equivalent?
(1) D is pseudo-effective;
(2) there exists f € K(X)g such that D + (Tl;’(f) > 0.
In the setting of Question the classical Dirichlet’s unit theorem shows up

when considering the zero-dimensional case. Let K be an A-field and S C Mk a
finite subset containing the Archimedean places. Let Ug be the group of S-units
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of K and Hg the hyperplane of R® defined by > ves Mwée = 0. The adelic version
of Dirichlet’s unit theorem states that the regulator map Ug ®z R — Hg given by
u > (log|uly)ves is an isomorphism [Wei74, Chapter IV, §4, Theorem 9].

Let now X = Spec(K), D = 0 the zero divisor on X and (&,)yes € Hs. We
put & = 0 for v € S. Each &, gives a v-adic Green function for D and we
denote by D the associated metrized divisor. It can be verified that this metrized
divisor is pseudo-effective (see for instance Theorem ) Condition for D
is equivalent to the existence of u € K* ®z R such that &, — log |u|, > 0 for all v.
Since ), nylog|ul, =0 =), n,&, because of the product formula, the previous
inequality forces log |u|, = &, for all places and, in particular, u € Ug ®zR. Hence,
the implication 1' in Question is equivalent to the surjectivity of the
regulator map in Dirichlet’s unit theorem.

In higher dimension, the fact that implies follows from the facts that
effective metrized R-divisors are pseudo-effective and that pseudo-effectiveness is
invariant with respect to linear equivalence. Moriwaki has proven the reverse im-
plication when X is smooth and projective, D is numerically trivial and the metrics
at the finite places come from a common normal projective model over Og [Morl3].

Remark 3.25. If K is a general function field, the answer is “no”, simply because
the analogue of the classical Dirichlet’s unit theorem does not hold. The simplest
example is the following. Let C' be an elliptic curve over a field k of characteristic
zero, K = K(C) and X = Spec(K). Let D be a divisor of degree zero on C' whose
class in the Picard group is non-torsion and let D be the corresponding metrized
R-divisor on X. Then D is pseudo-effective but there is no f € K(X)g such that
D+ (Tl;(f) > 0. Assume that such f exists. Then D+div(f) would be effective and
of degree 0. Hence D+div(f) = 0. Since D is a divisor the previous equation implies
that we can find a g € K(X)* and m € Z>, with mD + div(g) = 0. Therefore the
class of D in the Picard group is torsion, contradicting the hypothesis.

In §7]we will show that, for toric varieties, the answer to Question [3.24]is positive.
We now turn our attention towards the approximation of pseudo-effective and
big divisors by nef and ample ones.

Definition 3.26. Let X be a normal proper variety over K and D a pseudo-
effective metrized R-divisor on X. A Zariski decomposition of D is a birational
map ¢: X' — X of normal proper varieties over K and a decomposition

©o*'D=P+FE
with P, E € Car(X')p such that P is nef, E is effective and vol(X’, P) = vol(X, D).
Sometimes it is convenient to consider the following variant.

Definition 3.27. Let X be a normal proper variety over K and D a pseudo-
effective metrized R-divisor on X. Let Y(D) be the set of pairs (¢, P), where
¢: X' = X is a birational map of normal proper varieties over K and P is a
nef metrized R-divisor on X’ such that »*D — P > 0. On Y(D) we consider
the equivalence relation (o, P) ~ (1, P1) whenever there exists a commutative
diagram of birational morphisms

7z ——X'
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such that v*P = v P;. On the set of equivalence classes T(D)/ ~, we consider
the order relation given by [(¢, P)] < [(¢1, P1)] whenever there is a commutative
diagram of birational maps as above with v*P < vj P;.

The strong Zariski decomposition of D is the greatest element of Y(D)/ ~, if it
exists.

It D is a big metrized R-divisor on X, then a strong Zariski decomposition of
D gives a Zariski decomposition in the sense of Definition [Mor12bl Proposi-
tion B.1].

Question 3.28. Let D be a pseudo-effective metrized R-divisor on X. When
does D admit a Zariski decomposition or a strong Zariski decomposition?

In [Mor12c], Moriwaki showed that a strong Zariski decomposition of D exists
if K is a number field, X is a curve, D is big and the metrics at the finite places
come from a common normal projective model over Og. In higher dimension, it
is not true that every big metrized R-divisor admits a Zariski decomposition. In-
deed, there are examples of toric big metrized divisors on P2 that do not admit
a Zariski decomposition and, a fortiori, do not admit a strong Zariski decomposi-
tion [Morl13]. In we will consider toric Zariski decompositions and toric strong
Zariski decompositions, and we will give a criterion for such decompositions to ex-
ist. Furthermore, in we will show that, under some hypothesis, the existence
of a non-necessarily toric Zariski decomposition of a big toric metrized R-divisor
implies the existence of a toric one.

In the absence of a Zariski decomposition, one can ask for the existence of a
Fujita approximation.

Question 3.29. (Fujita approzimation) Let D be a big metrized R-divisor on X.
Let € > 0 be a positive real number. Does there exist a birational proper map
¢: X' = X and metrized R-divisors A, E € (/]E;(X’)R such that A is ample, E is
effective,

¢*D=A+E and vol(X',A) >vol(X,D) —&?

The existence of an arithmetic Fujita approximation was independently obtained
by Yuan [Yua09a] and by Chen [Chel0] in the case when K is a number field, D is
a divisor and the metrics at the infinite places are smooth and those at the finite
places come from a common projective model over Og. More recently, Boucksom
and Chen [BCTI] have given a more elementary proof of this fact.

In §7] we will give a proof of the Fujita approximation theorem for big toric
metrized R-divisors on a toric variety.

4. TORIC METRIZED R-DIVISORS

In this section, we recall the necessary background on the algebraic and arith-
metic geometry of toric varieties from [BPS14] and we extend some of the results
in this reference to toric metrized R-divisors. We will follow the notations and
conventions in [BPS14l Chapters 3 and 4].

Let N ~ Z™ be a lattice and M = NV the dual lattice. Set Ng = N ® R and
Mg = M ® R. The pairing between = € Mg and u € Ny is denoted by (z,u).

Let K be a field and set T = Spec(K[M]) ~ G?, for the split torus over K
corresponding to N. Let ¥ be a complete (rational) fan on Ng and Xy, the proper
toric variety over K defined by 3. We write X = Xy, for short. This is a normal
variety of dimension n with an open dense immersion T < X and an action of T
on X that extends the action of T on itself by translations.

The toric variety X has a distinguished point z in its principal open subset
X, corresponding to the unit of the torus T. A toric line bundle is a line bundle
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L on X together with the choice of a nonzero point zy € L,, [BPS14], Definition
3.3.4]. A toric section of L is a section s that is regular and nowhere vanishing
on the principal open subset Xg, and such that s(xg) = z9. There is a bijection
between toric divisors and isomorphism classes of toric line bundles with a toric
section. If (L,s) is a toric line bundle with a toric section, then div(s) is a toric
divisor [BPS14, Theorem 3.3.7]. Conversely, given a toric divisor D on X, the line
bundle O(D) is a subsheaf of Kx and the rational function 1 € K(X) provides a
distinguished rational section sp of O(D) such that div(sp) = D. This section does
not vanish on Xy and so (O(D), sp(xo)) is a toric line bundle. The correspondence
D — ((O(D), sp(x0)), sp) is the inverse of the correspondence defined by (L, s) —
div(s). Thus, the languages of toric line bundles with toric sections and that of
toric divisors are equivalent. In the sequel, we will mostly use the latter and, more
generally, that of R-divisors. We denote by Carp(X) the group of toric divisors on
the toric variety X.

Definition 4.1. An R-virtual support function on X is a function ¥ on Ng such
that, for each cone o € X, there exists m, € Mg such that ¥(u) = (m,,u) for all
u € o. A set of functionals {m,},ecx as above is called a set of defining vectors
of W. If we can choose m, € M for all o, then V¥ is called a virtual support function
on X. We respectively denote by VSF(X) and by VSF(X)g the spaces of virtual
support functions and of R-virtual support functions.

A concave virtual support function (respectively, R-virtual support function) on
¥ is called a support function (respectively, an R-support function) on .. We denote
by SF(X) the semigroup of support functions on 3 and by SF(3)g the convex cone
of R-support functions on X.

To a toric divisor D one associates a virtual support function, denoted by ¥ p,
in the following way: for each o € X, there is m, € M such that D = div(x™"™7)
on the affine open set X,. Then, {m,}, is a set of defining vectors for ¥p. The
correspondence D — Up is an isomorphism of Z-modules between Cary(X) and
VSF(X).

Definition 4.2. A toric R-divisor on X is a finite linear combination
D= Z OziDi
i

with a; € R and D; a toric divisor. To a toric R-divisor D as above, we associate
the R-virtual support function ¥p = Zi a;VUp,. We set

CarT(X)R = CarT(X) ®z R
for the linear space of toric R-divisors on X.

There is a group morphism M — K(X)* given by m — x™, where x™ €
Hom(T,G,,) is the character corresponding to m. By linearity, we can extend it
to a group morphism Mg — K(X);. We also denote by x™ the image of m under
this map. Composing with the map div, each element m € My gives rise to a
toric R-divisor div(x™). For m € Mg, we set s, = (x™, D) for the corresponding
rational R-section of D.

Proposition 4.3. The correspondence D — VU is an isomorphism of linear spaces
between Cary(X)g and VSF(X)g.

Proof. The correspondence D +— Wp is an isomorphism of Z-modules between
Carp(X) and VSF(X). Hence, it also defines an isomorphism between Carr(X)g
and VSF(X) ®z R. The space VSF(X)g can be identified with the linear subspace
of [[,cxn Mg defined by

(4.4) {(Mo)o | My —my € (N 7)* for all 0,7 € "}
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This subspace is defined over Q because the fan ¥ is rational, and its restriction
to [[,cxn M agrees with VSF(X). Hence, VSF(X)r = VSF(X) ®z R, which proves
the statement. O

Definition 4.5. A nonempty compact subset C C Mpg is called a quasi-rational
polytope if there are u; € Ng and v; € R, j =1,...,[, such that

C:{xGMR‘<x7uj>27jaj:1a“'al}'

Let ¢ denote the normal fan of C. We say that C' is compatible with ¥ whenever
¥ refines Y.

To a toric R-divisor D on X we associate the subset of Mg defined as
Ap = stab(¥p),

the stability set of Up (Deﬁnition. This set is either empty or a quasi-rational
polytope compatible with 3. It encodes a lot of information about the geometry
of the pair (X, D). For instance, each element m € Ap N M gives a toric section
sm = (x™, D) € I'(X,D)*. Analogously, each m € Ap defines a toric R-section
sm € T(X,D)g. The set {Sy}meapnm is a basis of L(D). The proofs of these
statements are the same as those for Cartier divisors [Ful93| §3].

Proposition 4.6. Let D be a toric R-divisor on X. Then

vol(X, D) = nlvoly (Ap),
where volys is the Haar measure of Mg normalized so that M has covolume 1.
Proof. We have that

. 1(¢D) _#(tApN M)
wl(X,D) = Jim gt =l oy EESRR

= n!volM(AM).

Proposition 4.7. Let D be a toric R-divisor on X. Then

(1) D is ample if and only if ¥ is strictly concave.
(2) The following conditions are equivalent:
(a) D is nef;
(b) ¥p is concave;
(¢c) there exists a finite number of nef divisors D; on X and «; > 0 such
that D = Zl OéZDl
(3) If D is nef, then degp(X) = nlvolpy (Ap).

Proof. A toric divisor is ample if and only if its corresponding function is strictly
concave. Hence, a toric R-divisor D is ample if and only if Up is a linear combina-
tion, with positive real coefficients, of strictly concave support functions. For each
cone o € X", choose u, € ri(c) N N, where ri(c) denotes the relative interior of o.
Using the identification in , we see that

SF(E)r = {(mo)o | (Mo — mr,uy) <0 forall o,7 € 3"}
is a convex rational polyhedral cone in VSF(X)g. Its interior
SF(X)r = {(ms)s | (Mg —m+,uy) <0 for all 0,7 € £" such that o # 7}
can be identified with the subset of R-support functions that are strictly concave
on Y. Hence, any strictly concave R-support function can be written as a linear
combination with positive real coefficients of strictly concave support functions,
which proves the statement.

The equivalence of and can be proved as in the case of divisors,
see for instance [CLS11, Theorem 6.1.12]. The equivalence between and
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follows from the facts that a toric divisor is nef if and only if its corresponding
function lies in SF(X) and that SF(X)g is a convex rational polyhedral cone.

(3) This formula is well-known for toric divisors. Using , the general case
follows from this one together with the multilinearity of the mixed degree and of
the mixed volume. ]

The set of quasi-rational polytopes of Mg which are compatible with X forms a
convex cone with respect to the multiplication by scalars in R> and the Minkowski
sum of sets.

Proposition 4.8. The correspondence D — Ap gives an isomorphism between
the conver cone of nef toric R-divisors on X and the convex cone of quasi-rational
polytopes compatible with 3.

Proof. Let o € R>o and ¥, ® two conic concave functions on Ng (Appendix .
Then
stab(a¥) = astab(¥), stab(¥ + &) = stab(V) + stab(P).

Since VU is recovered from stab(¥) as the Legendre-Fenchel dual of the indicator
function of this convex set (see [BPS14, Example 2.2.1]), the map ¥ — stab(¥)
is an isomorphism between the convex cone of conic concave functions on Ng and
that of convex bodies. This isomorphism sends SF(X)gr onto the convex cone of
quasi-rational polytopes compatible with X. The statement follows easily from this
since, by propositions and , the convex cone of nef toric R-divisors is in
one-to-one correspondence with SF(X)g. O

Proposition 4.9. Let D be a toric R-divisor on X.

(1) The following conditions are equivalent:
(a) D is big;
(b) there exists m € Mg such that ¥p(u) < (m,u) for all u € Ng \ {0};
(c) dim(Ap) =n.
(2) The following conditions are equivalent:
(a) D is pseudo-effective;
(b) there exists m € Mg such that Vp(u) < (m,u) for all uw € Ng;
(C) AD 7’5 0.
(3) D is effective if and only if ¥p <0 or, equivalently, if and only if 0 € Ap.
(4) Let P be a nef toric R-divisor on X. Then D > P if and only if Ap D Ap.

Proof. . Clearly, (| nd (1d) are equivalent. In case D is a divisor, Proposi-
1. (1

tion 4 [§ 1mphes that ) and ) are equivalent.

Assume D is a big R-divisor and write D = Zai a; D; with a; > 0 and D; big.
Then there exist m; € Mg such that ¥p, (u) < (m;,u) for all w € Ng\ {0}. Setting
m =Y, a;m;, we have that ¥ p(u) < (m,u) for all u € Ng\ {0}, which proves (1D).

Conversely, the set

C ={¥ € VSF(X)gr | 3m € Mg such that ¥(u) < (m,u) for all u € Ng \ {0}}

is an open convex cone. Let D be an R-divisor such that ¥Up € C. Since VSF(X)
is dense in VSF(X)g, there exist a finite number of functions ¥; € CNVSF(X) and
positive real numbers «; such that ¥p = ZZ «a;V;. For each i, let D; be the divisor
corresponding to ¥;. Then D = Zai a;D;. Hence, D is big since each D, is big.
This proves the statement.

Let ¢: X’ — X be a birational toric map and B a toric effective big R-divisor
on X'.

Suppose first that Ag-p = Ap # 0 and let £ > 0. By Lemma ,

Appp4B D Dypxp + Ap.
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By 7 the polytope Ap has dimension n and so does Ay,+p4p. Hence, fo*D + B
is big for all integers ¢ > 0 and so D is pseudo-effective.

Conversely, suppose that D is pseudo-effective. By an argument similar to the
one in the proof of Proposition |3.23] one can verify that the R-divisor ¢p*D + B is
big for all £ > 1. Hence, Ay,+p+p is of dimension n and, in particular, nonempty.

By Lemma [A.5|(1)),

Ap =Agp= ﬂ Ayepyip:
£>0
Hence, this polytope is nonempty, since it is the intersection of nested compact
sets.
Assume that D is effective and write D = Y. o;D; with o; > 0 and D; an
effective divisor. Then 0 € Ap, for all i. By Lemma [A.2](T),

ZaiADi = Zai stab(¥p,) C stab(¥p) = Ap.

Hence, 0 € Ap or, equivalently, ¥p < 0.

Conversely, the set of functions ¥ € VSF(X)r such that ¥ < 0 forms a ra-
tional convex cone. Hence, if ¥p < 0 then there is a finite number of functions
U, € VSF(X) such that ¥; < 0 and a; > 0 such that ¥p = . o;¥;. Each ¥,
corresponds to a toric divisor D; and D = ZZ o; D;. Each D; is effective and so
is D.

Suppose that D > P. Then ¥p_p < 0, which is equivalent to Vp < Up.
Hence, Ap D Ap. Conversely, suppose that Ap D Ap. Then Ap # 0, since P
is nef and Ap contains Ap. Hence, the support function W, coincides with the
concave envelope of Up. Then ¥p < WA, < WA, = ¥p, which proves Yp_p <0
and D > P. O

In the toric case, the geometric analogues of Dirichlet’s unit theorem (Ques-
tion , Zariski decomposition (Question and Fujita approximation theo-
rem (Question are easy to treat, and all three admit a positive answer. Note
however that the notion of toric strong Zariski decomposition that appears in the
proposition below is weaker than the strong Zariski decomposition.

Proposition 4.10. Let D be a toric R-divisor on X.
(1) D is pseudo-effective if and only if there exists m € Ap such that

D +div(x™) > 0.

(2) Assume that D is pseudo-effective. Then there exist a birational toric map
w: X' = X of proper toric varieties and toric divisors P,E € Cary(X')r
such that P is nef, E is effective,

©*D=P+FE and vol(X,P)=vol(X,D).

Moreover, for any other birational toric map ¢1: X — X of proper toric
varieties and a decomposition 3D = P, + E; with Py, E; € Carp(X])r
such that Py is nef and Ey is effective, there are proper birational toric
maps v: X" — X' and vi: X" — X of proper toric varieties satisfying
v*P > viP.

(3) Assume that D is big and let € > 0. Then there ezist a birational toric map
w: X' = X of proper toric varieties and A, E € Carp(X')gr such that A is
ample, F is effective,

©*D=A+FE and vol(X,A)>vol(X,D)—e.
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Proof. By Proposition , D is pseudo-effective if and only if ¥p —m < 0
for some m € Mg. But Yp —m = ¥p g4y (ym) and, by Proposition , the
previous condition is equivalent to the fact that D + div(x™) > 0.

[2) By Proposition [£.9)2), Ap # 0. Let ¥’ be a refinement of ¥ compatible
with Ap. Let ¢p: X’ — X be the corresponding birational toric map of proper
toric varieties. Let P be the nef toric R-divisor on X’ associated to Ap under the
correspondence in Proposition Set E = ¢*D — P. By Proposition , FEis
effective and, by Proposition ol(X’7 P) =vol(X, D). Furthermore, let X1, P,
and E; as in the statement. Let 3; be the fan that determines X|. Let X" be a
common refinement of ¥, 3’ and ¥} and let v: X" — X’ and vy : X" — X be the
associated proper birational toric maps. By Proposition 7 Ap, CAp =Ap
and, by the same result, v*P > v{ P;.

Let X' be a regular refinement of ¥. The toric variety X’ := Xy is projective
and there is a birational toric map ¢: X’ — X. Let D’ be an ample toric R-divisor
on X'. Let P be the nef R-divisor on X given by , for which we have Ap = Ap.
Let 0 <y <1 and § > 0 such that
(4.11) YAp + §Ap € Ap, WMAWAD+5AD02\@MAAD)—§r
Set A =~vp*P+0D’ and E = ¢*D—A. By Proposition Ay =vAup+dAp C
Ap = Ag+p. Proposition then implies that E is effective. The virtual
support function corresponding to A is yWp + ¥/, which is strictly concave
on Y'. Hence, A is ample. Finally, Proposition together with show
vol(X', A) > vol(X, D) — . O

Let K be a global field and X a proper toric variety over K of dimension n. For
each place v € Mg, we associate to the algebraic torus T an analytic space T3". We
denote by S2" its compact torus. In the Archimedean case, it is isomorphic to (S*)".
In the non-Archimedean case, it is a compact analytic group, see [BPS14] §4.2] for
a description. We denote by val,: X§% — Ng the valuation map associated to the
place v as in [BPS14, (4.1.2)].

Definition 4.12. A v-adically metrized R-divisor D = (D, | - |) on X is toric
if D is a toric R-divisor and its Green function is invariant with respect to the
action of S2. To a toric v-adically metrized R-divisor D as above, we associate the
function 955: Ng — R defined, for u € Ng, by

¥p(u) = —gp(p)
for any p € X¢% such that val,(p) = u. We will alternatively denote this function
by p |-

A quasi-algebraic metrized R-divisor D on X is toric if (D, || - ||,) is a toric v-
adically metrized R-divisor for all v € k. For each place v, we denote by %,v
the function associated to the toric v-adically metrized R-divisor (D, || - |l,). A
toric quasi-algebraic metrized R-divisor is also called a toric metrized R-divisor, for
short. - -

We denote by Carr(X)r,, and Carr(X)g the spaces of toric v-adically metrized
R-divisors on X and of toric metrized R-divisors on X.

Let D; € @T(X)R and o; € R, 1 =1,2, and v € Mk. It is immediate from the
definitions that

(413) ¢a151+a2ﬁ2,v = al%l,v + 0(21/)527U~

Remark 4.14. When D is the metrized R-divisor associated to the toric line
bundle with section (L, s), the function 15 , corresponds to the function 7, in
the notation of [BPS14l, Definition 4.3.5].
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Let D be a toric divisor on X and v € Mk. Recall that D has a canonical v-adic
metric, denoted || - ||p,v,can [BPS14, Proposition-Definition 4.3.15]. The function
associated to this metric agrees with the virtual support function ¥ . We extend
this construction to toric R-divisors.

Definition 4.15. Let D be a toric R-divisor on X and v € Mg. Write D =
> a;D; with a; € R and D; a toric divisor. For each i, let | - || p, v,can be the
canonical v-adic metric on D; and write D; ycan = (Di, || - || Dsv.can). We define

Dv,can = E aiDi,v,carn
7

and we denote by || - || p,v,can the corresponding v-adic canonical metric on D. This
is a toric v-adic metric on D and ¢ = Up. In particular, it is independent of
the chosen decomposition of D.

The following result extends [BPS14, Proposition 4.3.10(2) and Proposition
4.9.2(1)] to toric R-divisors. As explained in [BPS14] §4.1], the variety with corners
Ny is a compactification of the vector space Ng and, for each v € M, there is a
proper map of topological spaces val,: X2" — Nsx.

Proposition 4.16. Let D be a toric R-divisor on X.

(1) Let v € M. The correspondence || - || — Yp .| is a bijection between the
set of toric v-adic metrics on D and the set of functions ¢: Ng — R such
that ¢ — VU p extends to a continuous function on Nx.

(2) The correspondence {|| - ||o}vemty = {¥b,.|1, boemy is a bijection between
the set of quasi-algebraic toric metrics on D and the set of families of
functions ¢, : Ng — R such that ¢, — Vp extends to a continuous function
on Ny, for all v, and ¥, = Vp for all but a finite number of v.

Proof. For the local case, Corollary together with the properties of the canon-
ical v-adic metric of D implies that the map

I+ Il — 9p,1- — 9D,,can

gives a bijection between the space of toric w-adic metrics on D and that of
continuous Si"-invariant functions on X72". We have that gD, — 9Dw,can =
—(¥p,|.| — ¥p) oval,. Since the map val,: X" — Nx is proper, the S}"-invariant
functions on X>" are in one-to-one correspondence with continuous functions on
Ny.

The global case follows from this and [BPS14] Proposition 4.9.2(1)]. O

Let D be a toric metrized R-divisor on X and v € M. By Proposition [4.16(T),
the function ¢ , is asymptotically conic (Definition D and its stability set is
Ap, since it agrees with that of Up.

Definition 4.17. Let D be a toric metrized R-divisor on X. For each v € Mk,
the v-adic roof function of D is the concave function on Ap defined as

19577) = w%,v’
see Definition The (global) roof function of D is defined as

195 = E Ny 19570 .
vEMK

Remark 4.18. In [BPS14| Definition 5.1.4], the v-adic roof function is defined only
for toric semipositive metrized line bundles with a toric section. Definition
extends this definition to arbitrary toric metrized R-divisors.
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The following extends [BPS14, Theorem 4.8.1 and Proposition 4.9.2(2)] to toric
R-divisors.

Proposition 4.19. Let D be a toric R-divisor on X.

(1) Let v € Mg. The maps || - || = Yp . and || - || = Ip .| are bijections
between the set of toric semipositive v-adic metrics on D and, on one hand,
the set of concave functions 1¥: Ng — R such that [ — ¥ p| is bounded and,
on the other hand, the set of continuous concave functions on Ap.

(2) The maps {|| - lv}o = {¥D -1, }o and {|| - |lo}o = {9, }o are bijections
between the set of toric semipositive metrics on D and, on one hand, the
set of families of concave functions {1, : Ng — R}, such that v, — Up]| is
bounded for all v and v, = Vp for all but a finite number of v and, on the
other hand, the set of families of continuous concave functions {¥,: Ap —
R}, such that 9, =0 for all but a finite number of v.

Proof. By [BPS14, Propositions 2.5.20(2) and 2.5.23], the first and the second part
of both statements are equivalent.

For the local case, given a toric semipositive v-adic metric || - || on D, choose
e > 0and let || - ||' be a (non necessarily toric) semipositive (smooth or algebraic)
metric on D such that

dist([| - I, [ - ') <e.

Set D' = (D,| - |I') and write D' = ¥, o D,
(smooth or algebraic) metrized divisor on X.

For each i, let || - ||} ., be the toric metric on D; obtained from the metric of

with a; > 0 and 52 a semipositive

E; by averaging of the metric along the fibres of the map val,: X§% — Ny as in
[BPS14, Definition 4.3.3]. Write D, .,
(smooth or algebraic) metrized divisor and so

=4 =
Dtor = E aiDi,tor
7

= (Di, || - I} tor)- This is a toric semipositive

is a toric semipositive (smooth or algebraic) metrized divisor. Since || - || is S2-
invariant, it results that dist(]| - ||, ] - |/{o;) < €. Hence,

sup [¢p(u) — U5 (u)] <e.

u€Nx

By propositions 4.4.1 and 4.7.1 in loc. cit., the functions 155v  are concave, and

i,tor

S0 is %éor since a; > 0 for all i. Letting € — 0, we conclude that 15 is concave.

Conversely, let ¢/: Ny — R be a concave function such that 1 — Up is bounded.
Denote by || - || the toric v-adic metric associated to 1 by Proposition and
let e > 0. By [BPS14, Proposition 2.5.23(2)], there is a piecewise affine concave
function ¢: Ap — R such that

sup [0 () — ((x)] < <.

rEAD
By the density of Q, we can choose ¢ defined by a finite number of affine maps with
rational coefficients. Its Legendre-Fenchel dual ¢ = ¢V is a piecewise affine concave
function on a rational polyhedral complex II such that

sup [ (u) — ¢(u)| <e.

u€ENs

Arguing as in the proof of [BPS14] Theorem 3.7.3], we can assume that the recession
of II agrees with X.
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Let P(II) denote the space of piecewise affine functions on II and C(II) C P(II)
the subset of concave functions. The space P(II) can be identified with the linear
subspace of [[cp» (Mg x R) given by

{(mA,'yA)AGHn (ma,u) +va = (mar,u) +vyar for all A, A" € I" and u € AOA'}.

This is a finite-dimensional linear subspace defined over Q. For each A € II", choose
a point us € ri(A) N Ng. Then

C(IT) = {(ma,va)a € P(IL) | (ma,ur) +ya < (mar, up) +yar for all A, A € TI"}

This is a cone of P(II) given by a rational H-representation as in [BPS14l (2.1.1)].
Hence, it admits a rational V-representation. This implies that there exist a finite
number of H-lattice piecewise affine concave functions ¢; € C(II) and positive real
numbers «; such that
¢=) i
i

For each i, set ®; = rec(¢;), the recession function of ¢; (Definition . This is a
support function on ¥ and so it corresponds to a toric divisor on X, that we denote
by D;. We observe that ), a;®; = Up, hence D = ). o; D; by Proposition
In the non-Archimedean case, [BPS14] Corollary 4.5.9] implies that there exists a
semipositive algebraic metric ||-||; on D; such that ¢p, ., = ¢i- Set D; = (Dy, ||[|s)

and D = >, &;D;. This gives a semipositive algebraic v-adic metric || - || on D
and
dist([| - I, - ") = sup [¢(u) = d(u)| <e.
u€ Ny,

In the Archimedean case, Theorem 4.8.1 in loc. cit. implies that there exists a

semipositive smooth metric || - [|; on D; such that |¢; — ¥p, .|,| < &/ > i Let
|| - ]|" denote the induced semipositive smooth metric on D. Then
dist([| - |l 1 1) = sup Jo(u) = D aitbp, ., (w)] < 2.
u€ Ny, i

In both cases, as ¢ tends to 0, this and Definition show that the metric || - || is
semipositive.
The global statement follows from the local one and Proposition {4.16/(2)). O

Let Y be a d-dimensional cycle on X and Dy, i = 0,...,d, semipositive toric
metrized R-divisors on X. For a place v € Mg, the v-adic toric height of Y
with respect to Dy, ..., Dy, denoted hff:%m___ﬁd (Y), is defined from the v-adic toric
height of a cycle ([BPS14, Definition 5.1.1]) with respect to semipositive toric line
bundles by multilinearity and continuity.

The global height of Y can be computed as

hp,, . p,Y) = Y mhi% 5 (V).
vEMK

This follows easily from the analogous statement for semipositive toric line bundles,
see Proposition 5.2.4 in loc. cit..

Recall that there is a one-to-one, dimension reversing, correspondence between
the cones of ¥ and the orbits of the action of T on X. Given a cone o € 3, we
denote by O(o) the corresponding orbit and by V(o) its closure. Recall also that,
given a support function ¥ on X, we can associate to each cone o € X a face,
denoted F,, of the polytope stab(¥).
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Proposition 4.20. Let D be a toric semipositive metrized R-divisor on X and
o € % a cone of codimension d. Then, for v € Mk,

WLV () = (d+ 1)! /F 95, dvolas(e,)
and
hﬁ(V(O’)) = (d + 1)'/F 195 dVOlM(Fa),

where M (F,) is the lattice induced by M on the affine space generated by F, and
volyr(r,) is the Haar measure on that affine space such that the covolume of M (Fy)
is one.

In particular,

hp(X) = (n+1)! U5 dvolyy .
Ap
Proof. For the local case, let v € Mg. Consider first the case when the metric
I - |l is smooth semipositive, if v is Archimedean, or algebraic semipositive, if v is

ultrametric. Write
E = Z Oziﬁi
i

with D; a T-divisor on X with a semipositive (smooth or algebraic) metric, and
a; > 0. For each D;, the formula follows from [BPSI4, Proposition 5.1.11]. It
follows for D by the multilinearity of the toric local height and of the mixed integral
of concave functions with respect to the sup-convolution.

For a semipositive D, the formula follows from the continuity of the toric local
height with respect to dist, which follows from loc. cit., Theorem 1.4.17(4), and
from the continuity of the Legendre-Fenchel duality with respect to the uniform
convergence (loc. cit., Proposition 2.2.3).

The global case follows by adding up all local toric heights. O

Remark 4.21. As in [BPS14] Corollary 5.1.9 and Theorem 5.2.5] one can express
the mixed v-adic toric height and the mixed global height of toric metrized R-
divisors in terms of mixed integrals.

5. SMALL SECTIONS, ARITHMETIC AND Y-ARITHMETIC VOLUMES OF TORIC
METRIZED R-DIVISORS

In this section, we give formulae for the arithmetic and the y-arithmetic volumes
of a toric metrized R-divisor in terms of its global roof function. We keep the
notations of the previous section. In particular, X is a proper toric variety of
dimension n over a global field K.

We show first how the positivity of the roof function determines the existence of
small toric sections.

Proposition 5.1. Let D be a toric metrized R-divisor on X. For { > 1 and
m € {Ap we set s, € T(X, D)y for the corresponding R-section.

(1) Let v € Mg. Then —log|[smlv,sup = L5, (m/C).
(2) If 95(m/€) > 0, then there exists e > 1 and v € K* such that vsg, €
['(X,elD)y.
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Proof. We compute
U5 .,(m/l) = d%m(m/ﬁ)
= inf (m/f,u) — ¥, ()

1 . m
= 7 inf (—10g|x (@)]v +g€57v(m))

z€ Xy

-1
= A sup log ||sm (z)]]o
zeXo

-1
= Tlog”smHv,supv

which proves the first statement. The second statement follows from the first, using
Lemma |1.11] as in the proof of Proposition [3.16 (|

Next we show that, for every place, the basis of toric global sections is orthogonal
with respect to the sup-norm.

Proposition 5.2. Let D be a toric metrized R-divisor. Then, for all v € My, the
set {Sm }meapnm s an orthogonal basis of L(D) with respect to the norm || - ||v sup-

Proof. Fix an integral basis of N so that there is an isomorphisms N ~ Z" ~ M.
Let v € My and choose an integer » > 1 such that Ap C [—r,r]™ and, if v is
non-Archimedean, such that |2r 4+ 1|, = 1. After possibly taking a finite extension
of K, we may assume that K, contains a primitive root of 1 of order 2r + 1, which
we denote by w. For every a = (a1,...,a,) € [-r,7]" N N we consider the element
te = (W, ...,w) € S2". Such an element determines an automorphism of X32".
Let s = (f, D) € L(D) be a global section. Then t*s € L(D) since D is toric. For
pE X",

55010 (p) = [f (ta * P) o €920 ) = | f(tq # p)|y €™ 9P ) = ||5|, (£, * p)

because of the S2"-invariance of || - ||,. Hence,

(5-3) [tasllvsup = sup |[[tgsllo(p) = sup |lslo(ta *p) = lIs]lv sup-
pexsx) pexsx)

Write

s = Z TmSm

meApNM
with v, € K. For convenience, we also put v, = 0 for m € ([—r,7]" \ Ap) N M.
Then, for a € [-r,7]" N N,

tis= > Amtesm =D X"(ta)¥msm = Y0 s,
me[—r,r]"NM m m
Consider the matrix Q = (w(®™), .. Its inverse is given by
-1 _ -n(,,—{a,m)
Q' =2r+1) " (w e )m’a.

Therefore, for m € [—r,r|" N M,
TmSm = Z (27’ + 1)fnw7(a,m>t:5.

a€[—r,r]"NN
If v is Archimedean,
il sup < (27 1) max 26 + 1)~ @M gy = ma 1£55],sup-
while, if v is non-Archimedean,

mSmllosup < maxc [ (2r + 1) "™ 75y sup = max £ 5]l sup-
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In both cases, we deduce from (5.3)) that

mergi)%M ”’YmSm”U,sUp S ||3H'U,sup-

Hence, {Sm}meapnn is an orthogonal basis of L(D) with respect to || - ||4,sup for
all v. O

Corollary 5.4. Let D be a toric R-divisor on X and s € L(D). Write
s = Z TmSm
meApNM
with v, € K. If v is Archimedean, then

mergi)r(wM H'YmSmHv,sup < HSHv,sup < #(ApNM) meIR%%M ”'Ymsmllv,sum

while, if v is non-Archimedean,

[sllosup = max ||Ymsm|

meApNM heah

Proof. The upper bound for ||s||,sup follows from the triangle inequality, in the
Archimedean case, and from the ultrametric inequality, in the non-Archimedean
case. The remaining inequality follows from Proposition [5.2 (]

Corollary 5.5. Let D be a toric metrized R-divisor and s € L(D). Write

§= Z TmSm

meEApNM
with vy, € K. Then ¥mSm € i(ﬁ) forallme ApN M.
Proof. This follows immediately from Corollary O

Let D be a toric R-divisor on X and consider the set
If ©5 # 0, it is a convex subset of Ap.

Thﬁorem 5.6. Let D be a toric metrized R-divisor. Then the arithmetic volume
of D is given by

vol(X,D) = (n+1)! [ max(0,95) dvoly = (n+1)! [ 95 dvoly,
AD @5
while the x-arithmetic volume of D is given by
voly (X, D) = (n+1)! [ 95 dvoly .
Ap
Proof. We consider first the case when K is a number field. Let ¢ > 1 and set
A = Ap for short. For each m € ¢A N M, we consider the Mg-divisors ¢, and ¢},
given by, for v|oo,
log(em,v) = —10g [[Sm|v,sup; IOg(C;n,v) = —10g [|sm|lv,sup — log(#(£A N M))

and, for v { oo,

—log ||3m||v7supJ

10g (€)= 10g(€} ) = Ao | —2

By Corollary

P L)smcLD)c P Licwm)sm.
meLANM meLANM
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Observe that, by the quasi-algebricity of the metric, there exists a finite set S C Mk
such that, for all v ¢ S, we have that ¢, , = ¢, , = 1 forall £ > 1 and m € LANM.
With Proposition [5.1){1]), this implies that
deg(cm) = dxli5(m/e) + O(1), deg(cl,) = dxld5(m/€) + O(log(€)).
Applying Lemma [1.10, we deduce that
(7(@) —dgt Y max(0,95(m/0))| = O(¢" log(£)).
meLANM

Therefore,

-~

—~ = 1 (¢D)
VOI(AX'7 D) :% hzri:‘)gp m

=(n+ 1)!11215(513 (;n S max(0, dp(m/0)) +O(log€(f)>>

melANM

=(n+ 1)!/ max(0,95) dvolas .
A

We next prove the formula for the y-arithmetic volume. Using propositions [5.2

and |5.1)(1)), we see that

%Q(L(fﬁ)) = Z Z 1, 10g([[$im ||y sup) + O(F(CA N M) log(#(¢A N M)))
K v melANM
=> > nlip, (m/0) + O(f" log(t))
v meLANM
= > w5(m/f) + 0" log()).
melANM
Therefore,
~ = _ 1 u log(¢)
Vol (X, D) = (n+1)Himsup (gn > Upm/f)+ 0( ‘ ))

meLANM
=(n+ 1)!/ U dvolys .
A

We consider next the function field case. Let 7: B — C be a dominant morphism
of smooth projective curves and consider the function field K = K(B) with the
adelic structure defined in Example[I.3] Let ¢ > 1. For each m € ¢AN M, consider
the Mg-divisor given by

-1 m|lv,su
om0 = 3 | ~BLznline
Ao

and let D(c,,) be the associated Weil divisor of B. Observe that, for v € K, we
have that log|y|, < —10g||smlv.sup if and only if ord,(y) + L%J > 0.

Hence, this condition holds for all v if and only if div(y) + D(¢,,) > UO, namely, if
and only if v € L(D(cy,)). Corollary and equation (1.9)) then show

LD)= P LDEm)sm= P Llewm)sm

meLANM melANM

As in the number field case, there is a finite subset S C Mk independent of ¢, that
contains the support of D(c,,) for all m. Therefore, Proposition [5.1)(1)) imply

deg(cm) = —dx Y _ 10108 [|sm[lv,sup + O(1) = dxlig(m/€) + O(1).
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Applying Lemma [1.10} we deduce that

Wﬁ) —dgt > max(0,95(m/0)| = o).
meLANM
Therefore, ;(;l(X, D) = (n+1)! [, max(0,95) dvoly, as stated. The formula for

\7(;1X(X ,D) can be proved using the same approach as for the case of a number
field. O

Remark 5.7. Usually, the computation of the arithmetic volume is done by com-
paring the sup-norm with the L?-norm with the help of Gromov’s inequality, and
then using the fact that the L?-norm is a Hermitian norm, see for instance [GS8§].
Here, we bypass the use of the L?-norm with the fact that the basis of toric sec-
tions is orthogonal with respect to the sup-norm for all places, both Archimedean
or ultrametric.

Corollary 5.8. Let D be a toric metrized R-divisor on X.
(1) vol +(X,D) < \7(;1(X, D), with equality when 95(z) > 0 for all z € Ap.
(2) If D is big, then vol, (X, D) = vol(X, D) if and only if 95(z) > 0 for all
r € Ap. e
(3) If the metric is semipositive, then vol, (X, D) = hi(X).
Proof. This follows easily from Theorem together with Proposition for
(3)- O

The next examples shows that the y-arithmetic volume and the height may differ
when D is not semipositive.

Example 5.9. Let X = I% and D = 0 the zero divisor equipped with a smooth
toric metric at the Archimedean place and with the canonical metric at the non-
Archimedean places. The associate functions are

fifv=o0,

z/)5’”:{0 if v # oo,

for a bounded smooth function f: R — R.

We have that Ap = {0} and so ;(;IX(X, D) = 0 thanks to Theorem For
the height, we first note that lim,|_,«, f'(u) = 0, which follows from the fact that
the metric corresponding to the Archimedean place is smooth. Then, the Bézout
formula gives

h(X) = hg(div(s Z/ log ||s|| c1 (O /ff” du.

Integrating by parts, we obtain that

/Rff”d“: [ff'}io—/R(f’)z du:—/R(f’)? du.

by (X) = — /R (f)? du <0,

with equality if and only f is constant. Since f is bounded on R, this last condition
is equivalent to the fact that f is concave or, equivalently, that D is semipositive.
Therefore,

(5.10) h(X) < voly (X, D),

Hence,

with equality if and only if D is semipositive.
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Example 5.11. Let X = IP% and D = 0. Let g: R2 = R? be the support function
of the standard simplex of A% Let 7 € Rsg and f,: R? — R be the function
defined by f,(ui,us) = g(u; — 7,uz — 7) for (ui,uz) € R%

Let v1, v2 be two different places of Q and 71, 72 € R>(. Consider the toric metric
on D given, under the correspondence in Proposition , by

gile ifv:v17
Vo= fra—g ifv=us,
0 otherwise.

The obtained metric is DSP, since each v, is a difference of concave functions.

By Theorem vol, (X, D) = 0 since the polytope associated to D is a point.
For the height, we have hp5(X) = by 5(X)+h;”5(X). By [BPST4, Remark 5.1.10],
the quantity hZ?rﬁ(X ) can be computed as

(5.12) MI(g",g",¢") = 3MI(f7,9",9") +3MI(f, fr,9") — MI(f7, f, £,

where MI denotes the mixed integral of concave functions, see [BPS14, Defini-
tion 2.7.16]. We have that f (z1,22) = 7i(21 + 22) and gY(x1,22) = 0 for
(71, 72) € A2, Hence,

MI(gV’g\/,g\/) :3!/29\/ =0, MI( T rla _3'/ f =27
A

and, using the definition of the mixed integral and computing the relevant sup-
convolutions, we can verify that

MI( 7-179 g )*Tla MI( 1) T17g )*27—1'
The formula ) then implies that htor 5(X) = 7. Similarly, hfgrﬁ(X ) =

(—1)3m = —7o. Hence,
hE(X) = —71 + To.

Varying 71 and 7y, this height can be any real number.

Remark 5.13. It would be interesting to see if the inequality holds for any
toric DSP metrized R-divisor on [P’(b. Example shows that in dimension 2 and
in the absence of approachability, there is no relation between the height and the
x-arithmetic volume.

6. POSITIVITY PROPERTIES OF TORIC METRIZED R-DIVISORS

In this section, we give criteria for the different positivity conditions for toric
metrized R-divisors.

Theorem 6.1. Let D be a toric metrized R-divisor on X and d5: Ap — R its
global roof function.
(1) D is ample if and only if Vp is strictly concave on X, the function Up ., s
concave for all v € Mg, and V5(x) > 0 for all x € Ap;
(2) D is nef if and only if Vp., s concave for all v € My and Up(x) > 0 for
all z € Ap;
(3) D is big if and only if dim(Ap) = n and there exists x € Ap such that
195(.%) > 0;
(4) § is pseudo-effective if and only if there exists & € Ap such that 95(x) > 0;
(5) D is effective if and only if 0 € Ap and 1957”(0) >0 for all v € Mi.
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Proof. Write ¥ = W and A = stab(¥) for short. We start by proving (I). B
Proposition , D is (geometrically) ample if and only if ¥ is strictly concave
on X and, by Proposition, the metric of D is semipositive if and only if V5
is concave for all v. Thus it only remains to prove that, under the assumption that
D is ample and D semipositive, the ampleness of D is equivalent to the positivity
of 195

Assume that D is ample. Let mg be a vertex of A and py € X (K) its corre-
sponding T-invariant point. By propositions and

0 < hp(po) = I5(mo).

By the concavity of ¥4, we deduce that ¥4 (x) > 0 for all z € A.

Conversely, assume that ¥ is positive on A. Let M be a metrized R-divisor on
X. Since D is ample, there is a positive integer ¢’ such that M + ¢'D is generated
by R-sections. Let s1,...,s, be a set of generating R-sections. By the quasi-
algebraicity of the metrics, [/s;||ysup = 1 for all v outside a finite subset S C M.
Put

7] = min min 153115 5up-
Let m1,...,m; be the vertices of A and s,,, the R-section of D corresponding to
j- By Proposmon E and the hypothems that ¥5 is positive,
H”sm]”v Sup mJ) < 1.

Therefore, we can apply Proposition to each s, to obtain £y > 1 and a; € K*
such that, for each £ > fg+¢ and j=1,...,r,

0— [/ S 1 if v € S7
|ty S, Ilv,sup
<n ifves.

The set of global sections ajszsé jtz’ i=1,...,r, 7 = 1,...,1, generates the R-
divisor M +¢D = (M + ¢'D) + (¢ — ¢')D. Moreover, for v € S,

0

[ty $i8m, (6 ! )Hv,sup <nln=1,

while || ; sisfn’f’ llo.sup < 1, for v & S. Thus M +£D is generated by small R-sections
and D is ample, ﬁnishing the proof of l}

We next prove (2). By Proposition , the R-divisor D is nef if and only if ¥
is concave and, by Propos1tion7 D is sennpos1t1ve if and only if the functions
1/%71) are concave for all v. We are reduced to show that, under the assumption that
D is nef and that D is semipositive, D being nef is equivalent to the nonnegativity
of ’195

Assume that D is nef. As in the first part of the ample case, let mg be a
vertex of A and py € X(K) a T-invariant closed point corresponding to mg. By
Proposition [.20}

0 < hi(po) = I5(mo).
By the concavity of ¥ we deduce ¥5(x) > 0 for all x € A.

Conversely, assume that ¥ is nonnegative and let p € X (IF) be a F-rational
point for a finite extension F of K. Suppose that p lies in an orbit O(o) for a
cone o0 € X. Choose a point m, in the face F, of A corresponding to o. Then
div(spm, ) = D + div(x™) meets the closure V(o) properly, and so we can restrict
this R-divisor to V(o). Set D=D+ (ii:f(xmf’). Then

hp(p) = by (p) = by, (P)-
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Furthermore, the roof function 195/|V( ) coincides, up to translation by m,, with

the restriction 195’ P by the analogue for R-divisors of [BPS14l Proposition 4.8.8].

Thus, we are reduced to prove the nonnegativity of the height for points in the
principal orbit. Let m € A and s,, be the corresponding monomial R-section.
Since p lies in the principal orbit, it is not contained in the support of div(s,,).

Then, using Proposition [5.1(1)),

hp() = Y —nwlogllsm®lw > Y —nwlog|smllwsuw
wEMp wEMp

= Z Ny ,,(m) = Z nyV5,,,(m) = d5(m) >0,
weEMp vEMx
which concludes the proof of .

The statement is a direct consequence of Theorem and the definition of
big metrized R-divisor.

We now prove . By the toric Chow lemma, there is a birational toric map
p: X' = X with X’ projective. Let A be an effective ample toric divisor on X’
and write ® = ¥4 and T' = A4 = stab(®) for the corresponding support function
and polytope. By Proposition , d <0.

Choose vy € Mk and consider the toric metric on A given by the family of

functions
d—-1 ifv=u,
¢v - {

P otherwise.

Denote by A the obtained toric metrized divisor. We have that ¢y = 1 if v = vy
and ¢, = 0 otherwise. Hence, for any = € T,

I4(x) = vang(w) = Ny, > 0.

By , A is ample.

Suppose that D is pseudo-effective. By Proposition the metrized R-divisor
lp*D + A is big for all £ > 1. The virtual support function and the polytope
corresponding to this divisor are ¥ + ® and stab({¥ + @), respectively. Write
P, = %,U for convenience. For v € Mk, the function associated to the v-adic
metric on this R-divisor is £1),, + ¢, and the v-adic roof function is (1, + ¢,)".

Set Ay = } stab(f¥ + ®) = stab (¢, + +¢,) and ¥, ¢ = (¢, + +¢,)". Then, for
x € Ay,

((hy + ¢y)Y (bx) = €0, ().
Set ¥y = > nyty e Since Lp*D + A is toric and big, by , there exists a 2y € Ay
such that 9,(x,) > 0.

By Proposition, the functions 1, and ¢, are asymptotically conic and, by
construction, 0 € stab(¢,). Since by Lemma one has Ay D Ayyq for £ > 1,
the sequence (z)¢ lies in the polytope A;. By choosing a convergent subsequence,
we can assume that it converges to a point 2 € (), A¢. By Lemma, Too € A
and, by Lemma [A.F|[2)), for ¢/ > ¢,

1 1
Puelwe) 2 oo (@e) + (7 = 7 )000) = Vo (z0).

Hence, 9¢(xz¢) > Yo (xp) > 0. By continuity, 9¢(2eo) = limpy o0 Fe(xe) > 0.
Applying again Lemma |A.5([2)),

195(1'00) - vawq\]/(xoo) = va Zli>1£10 191),€(xoo) = éli{go 198(1'00) Z Oa

which proves the statement.
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Conversely, suppose now that there exists z € A with ¥5(x) > 0 maximal.
In particular, A # (). The virtual support function corresponding to the R-divisor
Lp* D+ A is equal to £U+®. By Lemma7 stab({¥+®P) D (A+T. In particular,
this is a polytope of dimension n. Furthermore, for v € 9k, the corresponding
function is £1, + ¢,. Applying Lemma |[A.2{[2)), we deduce that

(Obo + o) (C) > (L) B ) (Lx) = b/ () + 6,/(0).

Hence,

ﬁ@w*ﬁ—i—j(&v) = va(ng + ¢y)v(€$)
> > "0 () (2) + 6) (0) > bi5(x) + iy > 0.

By , this implies that £p*D + A is big and therefore D is pseudo-effective.

We finally prove . The metrized R-divisor D is effective if and only if D is
effective and sp is small which, by propositions and , is equivalent to
the fact that 0 € Ap and ¥5,(0) > 0, for all v € M. O

Corollary 6.2. Let D be a semipositive toric metrized R-divisor on X with D big.
Then h5(X) = vol(X, D) if and only if D is nef.

Proof. This follows easily from Proposition and theorems and [6.1)[2). O

We also obtain the following arithmetic analogue of the Nakai-Moishezon crite-
rion for toric varieties.

Corollary 6.3. Let D be a semipositive toric metrized R-divisor on X.

(1) If D is nef, the following conditions are equivalent:
(a) D is nef;

(b) hi(p) > 0 for every T-invariant point p;

(c) h5(Y) > 0 for every subvariety Y of Xi.

(2) If D is ample, the following conditions are equivalent:
(a) D is ample;

(b) hy(p) > 0 for every T-invariant point p;

(c) hx(Y) > 0 for every subvariety Y of Xg.

Proof. We first prove
proof of Theorem [6.1{[2]).
It is clear that (lc) implies . For the converse, let Y be a subvariety of X
defined over a finite extension F of K. Using the same argument as in the proof of
Theorem , we reduce to points in the principal orbit and we assume that Y
meets this principal orbit.
We prove that h5(Y") > 0 by induction on the dimension of Y. The 0-dimensional

. The equivalence between and follows from the

case follows from the fact that D is nef. Assume now that Y has dimension
d > 1. Let m € A and s,, the corresponding toric R-section of D. By Bézout

formula (3.13)),

b (¥) = bip(V - divs) = 3 1 [ 1o sl ea(D - ) Ay
wEMp w'

We have that h5(Y - divs,,) > 0 by the inductive hypothesis, and observe that
[Ismllw < ||Sm|lw,sup- The fact that the metric is semipositive implies that, for each
w € My, the signed measure c; (D, || - [|,)"? A 6y is nonnegative and of total mass
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deg,(Y). Using Proposition [5.1|(1)),

hp() 2 = 3 [ oglsmluane (D11 ) A Jy

wEMp
= Z nyVU5 ,,(m) degp (V) = J5(m) degp (Y).
wEMp
Theorem implies that ¥7(m) > 0, which concludes the proof of (I). The
proof of (2)) can be done similarly. O

Proposition 6.4. Let D, E be two toric metrized R-divisors on a toric variety X
such that E is semipositive. The following conditions are equivalent:

(1) D> E;
(2) Y5, < Yg, forallve My;
(3) Ag C Ap and Vg ,(z) < V5 ,,(2) for all x € Ap and v € M.

Proof. & We have that D > E if and only if the R-section sp_ is small.
This is equivalent to the fact that, for v € Mk, 1/)5_@7v(u) < 0 for all u € Ng,
which in turn is equivalent to ¢z ,(u) > ¢35 ,(u) for all u.

= (3) By considering the corresponding recession functions, we deduce that
Up(u) > ¥p(u) for all v, which implies that

Ap = {SC € Mp | (x,u) > \I/E(u) for all u € N]R}
C{zx € Mg | (xz,u) > ¥p(u) for all u € Ng} = Ap.
Similarly, for z € Ag,
V5., (7) = uien]\f]R ((z,u) — wfv(u)) < inf ((z,u) —¢p,(w) = U5, (2).

u€eNg ’
= () Let v € Mx. Since E is semipositive, the function ¢ ,, is concave and
80 Y, = 19%71}. The fact that ¥, < ¥5, on Ag implies that 19%71) > 13%71} on Ng.
Moreover,
19%’” = conc(wﬁv) > wﬁ,va
where conc(¢5 ,,) denotes the concave envelope of the function ¢, (Appendix [A)).
Hence ¢z, > ¢5 ,, which concludes the proof. |

Example 6.5. This example is due to Moriwaki [Morll]. Let X = Pf with
homogeneous coordinates (zp : -« - : z,) and D = div(zp). Then X is a toric variety
and D is a toric divisor corresponding to the support function ¥: R* — R given
by
Uy, y) = min(0,u, ..., uy,).

Let o = (ap,...,a,) be a collection of positive real numbers. Consider the toric
semipositive metric on D given, under the correspondence in Proposition [4.16{[2),
by the family of functions

B T T O .

ULy oeesUp) = ]
v " v otherwise.

For v = 0o, this metric agrees with the weighted Fubini-Study metric given by

2020

et 2 =
||3(ZO : . Zn)“oo Qp20z0 + -+ anznZn

for the toric section s corresponding to the linear form zy. For the non-Archimedean

places, it agrees with the canonical metric and is induced by the canonical model
Oy (1). We denote D, this toric metrized divisor.
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Let {e1,...,en} be the standard basis of Mg = (R™)Y and (z1,...,%,) the
coordinates of a point x € Mg with respect to this basis. Set also e¢g = 0 and
xo = 1—=>, x;. The polytope A = stab(¥) is the standard simplex conv(eo,...,ey)
of R™. Computing as in [BPS14, Example 2.4.3], one sees that the local roof
functions are given, for (z1,...,z,) € A, by

) = {21 St owilog(zi/ay)  if v = o0,

95 . (x1,... =
D"“U( ! 0 otherwise.

This is an adelic family of continuous concave functions on A. By loc. cit., Theorem
4.8.1(2), the metrized divisor D,, is semipositive. Its roof function is

1
U5, (21, @) = > Z!Ez log(zi/ ).
i=0

The values of the roof function at the vertices of A are given by d5_(ei) =
(1/2)log(c;), ¢ =0,...,n. Moreover

sup ¥y (z) = 1log(ozo + ot ).
TEA a 2
Write O = {z € A | ¥5_(z) > 0}. From Theorem we deduce part of the
main result of [Mor11]:
(1) Dg is ample if and only if a; > 1,5 =0,...,n;
(2) Dg is nef if and only if a; > 1,7 =0,...,n;
(3) Dq is big if and only if >, a; > 1;
(4) Dg is pseudo-effective if and only if ", a; > 1;
(5) Dg is effective if and only if ag > 1.

)
By [BPS14, Theorem 5.2.5] and Theorem [5.6

by (X) = vol (X, Dg) = (n + 1)!/A ¥, dvol = %Z <log(o¢i) + Z j)

n
=0

Apparently, there is no such a simple formula for the arithmetic volume

vol(X, Da) = (n—l—l)!/@ 95 dvol.

7. TORIC VERSIONS OF DIRICHLET’S UNIT THEOREM, ZARISKI DECOMPOSITION
AND FUJITA APPROXIMATION

In this section, we give a complete answer to questions and in the toric
case and a partial answer to Question Namely, we give a criterion for when a
toric Zariski decomposition or a strong toric Zariski decomposition exists. We will
show in §8|that, for big toric arithmetic R-divisors and under some restrictions, the
existence of a non-necessarily toric Zariski decomposition implies the existence of
a toric one.

Definition 7.1. Let X be a proper toric variety over K and D a toric metrized
R-divisor on X. A toric Zariski decomposition of D is a Zariski decomposition
©*D = P + E such that ¢ is a birational toric map of proper toric varieties and P
(hence E) is a toric metrized R-divisor.

We denote by Yp(D) C Y(D) the subset formed by the elements (p, P), with
¢ a proper birational toric map of proper toric varieties and P a toric metrized
R-divisor. The equivalence relation ~ in Definition [3:27) induces an equivalence
relation on Yt (D) and the order relation on Y(D)/ ~ induces an order relation
on Yp(D)/ ~. A toric strong Zariski decomposition is the greatest element of
Yr(D)/ ~, if it exists.
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Theorem 7.2. Let X be a proper toric variety over K and D a toric metrized
R-divisor on X.

(1) Assume that K is an A-field. Then, for every a € ©f there exists an
a € K* @R such that

(7.3) D + div(ax®) > 0.
Therefore, if D is pseudo-effective, then there exists a € Ap and o € KX®R

satisfying .
(2) If D is pseudo-effective, then there exists a toric strong Zariski decomposi-
tion of D if and only if OF is a quasi-rational polytope.
(3) If D is big, the following statements are equivalent:
(a) there erists a toric Zariski decomposition of D;
(b) there exists a strong toric Zariski decomposition of D;
(c) ©p is a quasi-rational polytope.
(4) Assume that D is big. Then, for every e > 0, there exists a birational toric
map ¢: X' — X of proper toric varieties and toric metrized R-divisors A,
E on X' such that A is ample, E is effective,

¢o*D=A+E and vol(X',A)>vol(X,D)—e.

Proof. Let S be a finite subset of Mk containing the Archimedean places and
those places such that 5  (a) # 0. Let v, € R, v € Mg, such that v, < I35 ,(a)
forallve S, v, =0forv ¢S, and ), n,y, = 0. Dirichlet’s unit theorem for
A-fields [Wei74l, Chapter 1V, §4, Theorem 9] implies that there exists « € K* @ R
such that log|a|, = 7, for all v. Set D' =D+ (Ti:/(axa). Then, for all v € Mx
and r € Mg,

ﬂﬁ/,v(x) = 195,11 (I + a) - Y-

In particular, 5 ,(0) = V5 ,(a) =7, = 0 for all v and so D' >0, as stated.

If D is pseudo-effective, then ©p # 0 by Theorem , which proves the
second statement.

Let ¢: X' — X be a birational toric map and P a nef toric metrized R-divisor
on X’ such that P < ¢*D. In particular, P is semipositive. By Proposition
Ap C Ay+p = Ap and V5 (z) < ﬁ@*ﬁ,v = 19571)(3:) for all v € Mg and = € Ap.
Furthermore, by Theorem [6.1{|2), ¥ > 0 on Ap. Hence, for z € Ap,

(7.4) Ip(@) = 3 np (@) > V() > 0

and Ap C Op.

Assume that (p, P) is maximal. Suppose that O is not a quasi-rational poly-
tope. Then Ap # ©5 and so there is a quasi-rational polytope A’ D Ap contained
in ©5. Let X' be a common refinement of ¥ and ¥as. Set X’ = Xy and let
p: X" — X be the associate birational toric map. Let P’ be the toric R-divisor of
X' determined by A’ and P’ the toric semipositive metrized R-divisor associated
to the restriction to A’ of the family of concave functions {5 ,}, under the cor-

respondence in Proposition 1} We have that P’ is nef (by Theorem ),
P < @*Pl (by Proposition D and P # P’ since the associated polytopes are
different. Hence, P is not maximal contradicting the hypothesis. We conclude
that ©5 = Ap is a quasi-rational polytope.

Conversely, assume that © is a quasi-rational polytope. Let X' be a common
refinement of ¥ and Ye_. Set X' = Xy and let ¢: X’ — X be the associated
birational toric map.
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Let P be the toric R-divisor of X’ determined by ©4 and P the toric semipositive
metrized R-divisor associated to the restriction to ©f of the family of concave
functions {19571}}@ under the correspondence in Proposition . Hence, P is
nef (by Theorem [6.1{[2)) and P < »*D (by Proposition [6.4)).

Now we show the maximality of the class of (¢, P). Let ¥; be a refinement
of ¥, ¢1: X1 — X the corresponding birational toric map and P; a nef toric
metrized R-divisor on X; with goikb > P;. By Proposition Ap, C Ap and
ﬁpl’v(x) < 195’1)(33) for all v € Mk and € Ap,. Since P; is nef, Theorem
implies that J5 (z) > 0 for all z € Ap,. Hence, Ap, C ©5. By construction,
Ap, CAp and V5 (z) < Jp(x) for z € Ap,.

Taking a common refinement X" of ¥’ and X, we consider the corresponding
birational toric maps v: X” — X’ and v1: X” — X;. Proposition [6.4] then implies
that v*P > V{‘Pl, which proves the statement.

Since a big metrized divisor is pseudo-effective the equivalence of and
follows from . Furthermore (3b]) and imply , it remains to prove
that implies . Assume that 0*D = P+ E is a toric Zariski decomposition.
As before, Ap C ©4 and Y5 < ¥5. The equality of arithmetic volumes implies

(75) / ﬁf dVOlM = / 195 dVOlM .
Ap @B

Since D is big, the interior of O is nonempty and the function ¥ is strictly
positive on it. Then, equation implies that ©4 is equal to Ap, which is a
quasi-rational polytope.

(4) For each € > 0 we pick a quasi-rational polytope A’ contained in the interior
of ©5 and such that

(n+1)!/ U dvolys <e.
op\A’

Let ¥’ be a common refinement of 3 and ¥ a/. We consider the corresponding toric
variety X’ = Xy and the birational toric map ¢: X’ — X. We set A for the toric
R-divisor corresponding to A’ together with the metrics induced by the restriction
to this polytope of the family of concave functions {195’”}1,.

By concavity, U is strictly positive on A’. Theorem then implies that A
is ample. By Proposition A < ¢*D and, by construction,

@(X’,Z) =(n+1) N VU5 dvolyr > (n+1)! ; U dvoly —e = @(X,E) — €,
s

which concludes the proof. O

Remark 7.6. If D as in the previous theorem is pseudo-effective but not big, then
a toric Zariski decomposition always exists. Take any a € ©4. Since the set {a} is a
quasi-rational polytope, using the construction of Theorem we can associate
to it a nef toric metrized divisor on X such that P < D and \7(;1()(,?) =0=
\7(;1(X , D). Clearly, in this case, the decomposition may be non-unique.

Example 7.7. Consider again the toric metrized divisor D, on Py in Example
We also use the notation and results therein.

First suppose that > . a; > 1 or, equivalently, that D, is pseudo-effective. By
Theorem , Dirichlet’s unit theorem holds true in this case, as it does for any
pseudo-effective metrized toric R-divisor over an A-field.

If Y, o; = 1, then the set ©4 is a point. Otherwise, this is a compact subset of
A of dimension n with smooth boundary. In this case, O is not a polytope, unless
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n = 0,1. Hence, by Theorem , D admits a strong toric Zariski decomposition
if and only if either ) . o; =1, 0r >, a; > 1 and n =0, 1.

Now suppose that )", «; > 1 or, equivalently, that D is big. Then, by Theo-
rem , D admits a toric Zariski decomposition (and a strong Zariski decom-
position) if and only if n = 0, 1.

Finally, Theorem shows that a Fujita approximation of D, always exists,
as it does for any big metrized toric R-divisor over a global field.

8. ZARISKI DECOMPOSITION ON TORIC VARIETIES

In the previous section, we gave a characterization for when a toric Zariski de-
composition exists. Now, we will study when the existence of a not necessarily toric
Zariski decomposition implies the existence of a toric one. For technical reasons,
we will restrict this study to algebraic metrized R-divisors arising from arithmetic
R-divisors as in Example and assume K = Q.

Definition 8.1. Let X be a smooth projective toric variety over Q, X a model of X
over Z and D an arithmetic R-divisor on X of C°-type. Let D be the restriction
of D to X and D the algebraic metrized R-divisor on X associated to D. We
say that D is a toric arithmetic R-divisor if D is a toric metrized R-divisor. In
particular, D is a toric R-divisor on X.

The following is the main result of this section.

Theorem 8.2. Let X be a smooth projective toric variety over Q, D a big toric
arithmetic R-divisor and D the associated toric metrized R-divisor. Then, the fol-
lowing conditions are equivalent:

(1) there is a birational map o: Y — X of flat normal generically smooth
projective schemes over Z and a decomposition 0*D = P + € with P and £
arithmetic R-divisors on Vg such that the corresponding metrized R-divisors
give a Zariski decomposition of D;

(2) there is a toric Zariski decomposition of D;

(3) ©5 is a quasi-rational polytope.

Before proving the theorem we will need some preliminaries.
Let X be a proper variety over a field K. A divisorial valuation of X is a
valuation v on K(X) given, for f € K(X) by

v(f) =ordy(c*f),
where 0: Y — X is a birational map of normal proper varieties over K and H €
Div(Y) is a prime Weil divisor. We denote by DV(X) the set of all divisorial
valuations of X.

A divisorial valuation v defines a map mult,: Car(X) — Z given, for D €
Car(X), by mult, (D) = v(fp) where fp € K(X) is a local equation of D on a
neighbourhood of the point o(H). This map is a group morphism and so it extends
to a map

mult, : Car(X)g — R.

Let p: Z — X be a birational map of normal proper varieties. Since DV(X) =
DV(Z), for v € DV(X) the map mult, extends to a map Car(Z)r — R.

We will consider the following notion of arithmetic multiplicity for metrized R-
divisors over a global field K.

Definition 8.3. Let X be a proper variety over K and D a metrized R-divisor on
X. The arithmetic multiplicity of D is the function defined, for v € DV(X), by

pp(v) = inf {% mult, (div(s)) | £ > 1,s € T(X,¢D)* }
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Let p: Y — X be a birational map from a normal proper variety Y over K and
E € Car(Y)g. We say that the arithmetic multiplicity of D is represented by E
when pi5(v) = mult, (E) for all v € DV(X).

The arithmetic multiplicity of an arithmetic R-divisor is defined as the arithmetic
multiplicity of its associated metrized R-divisor.

We will show that, for a toric metrized R-divisor D, the convex set ©5 can be
expressed as the intersection of a family of halfspaces defined by the arithmetic
multiplicity of D. When this arithmetic multiplicity is representable, this convex
set can be expressed as the intersection of a finite sub-family of these halfspaces
which implies that, in this case, ©f is a polytope.

Proposition 8.4. Let X be a proper toric variety over K and D a big toric metrized
R-divisor on X. Then

(1) for allv € DV(X),
pp(v) = inf{mult, (div(s,)) | « € O N Mg};

(2) ©5 ={a € Mg | pp(v) < mult,(div(s,)) for all v € DV(X)};

(3) assume that there is a birational map o: Y — X from a normal proper
variety Y over K and an R-divisor E on Y that represents up. Then,
there are prime Weil divisors H; € Div(Y'), 1 =1,...,1, such that

Op ={a € Mg | pp(v;) <multy, (div(sq)), i =1,...,1},

where v; is the divisorial valuation defined by H;. In particular, ©f is a
quasi-rational polytope.

Proof. Let £ > 1 and m € ©,5 N M. Proposition implies that s, =
(x™,¢D) € T'(X,¢D)*. Since mult, (div(s,,)) = ¢mult, (div(s,)) for a = m/¢, it
follows that
pp(v) < inf{mult, (div(s,)) | « € ©5 N Mg}.

For the reverse inequality, let s € f(X, ¢D)*. Write s = (f,¢{D) with f =
Y ometa, CmX™. By Corollar cmX™ € f(X, ¢D)* for all m such that c,, # 0.
For all such m, Proposition [5.1f[1) together with the product formula imply that
m € (0. Hence,

mult, (div(s)) = £mult, (D) + V( ;ﬂ cmxm) > ¢mult, (D) + me%iélﬁM v(x™).
m D

This implies that pp(v) > inf{mult, (div(ss)) | a € ©5 N Mg}, which proves the
formula.

(2) Write Q@ = {a € Mgr | pp(r) < mult,(div(s,)) Vv € DV(X)} for short.
By (1), ©5 N Mg C Q. Since D is big, ©5 N Mg is dense in O and so O C Q.

For the reverse inclusion, let b € Mg \ ©. Since O is convex and closed, there
is a real number € > 0 and a primitive element u € N such that (b,u) < (z,u) — ¢
for all z € ©. Let X' be a complete unimodular regular refinement of ¥ containing
the ray R>ou. Let H be the prime Weil divisor of X5 corresponding to this ray and
vy the associated divisorial valuation of X. Then, for any a = m/{ € ©5 N Mg,

vr(X’) = (b,u) < {a,u) — e =vp(X")/l <.

By (1)), mult,, (div(sy)) < pp(ve) and so b & €2, which proves the statement.
(3) Let {Hy,...,H;} be the set of prime Weil divisors on Y containing all the
components of E and of 071(X \ Xx ). For short, write

Q' ={ae Mg | p5v;) <mult,,(div(ss)), i=1,...,1}.
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By , ©p C Y. For the reverse inclusion, let b € '. Then, for all v € DV(X),

pp(v) = mult, Zmult E)mult, ( Z pp(vi) mult,, (H;)

l
< Zmultyi (div(sp)) mult, (H;) = mult, (div(sp)).
i=1
By , this implies that b € ©5 and so we obtain the first statement. The quasi-
rationality of © follows from the fact that

pp(v;) = mult,, (div s,)
is an affine equation in a with integral slope. O

The relationship between the arithmetic multiplicity and the Zariski decomposi-
tion is given by the following result of Moriwaki [MorI2al Theorems 2.5 and 4.1.1].

Theorem 8.5. Let 0: Y — X be a birational morphism of generically smooth
normal projective varieties over Z. Denote by X and Y the generic fibre of X
and Y, respectively. Let D be a big arithmetic R-divisor on X. If D admits a
Zariski decomposition 0*D = P + £ with P, E arithmetic R-divisors on Y, then the
arithmetic multiplicity of D is represented by the R-divisor E = € |y € Car(Y )g.

Proof of Theorem[8.4 By Theorem , we know that (2] ) is equivalent to (3]).
Theorem [8.5| ﬂ and Proposition [8.4{(3) show that (1) implies (3)
It only remains to prove th at (B) implies (1). The only dlfﬁculty is to show

that the metrized R-divisors appearing in the Zariski decomposition D = P + FE
obtained by Theorem [7.2] - come from arithmetic R-divisors. Clearly, it is enough
to show that this is the case for the nef part P.

Suppose that © is a quasi-rational polytope. Let ¥’ be a complete unimodu-
lar regular refinement of ¥ and Ye_. Set X' = Xy and let o: X' — X be the
associated birational toric map. Recall the construction of P in the proof of The-
orem 1' P is the toric R-divisor on X’ determined by ©f and P is the toric
semipositive metrized R-divisor associated to the restriction to ©4 of the family
of concave functions {5, },» under the correspondence in Proposition . For
v # oo, the function ¢, is piecewise affine, by [BPST4], Proposition 4.5.10(1)],
and so is each local roof function ¥ Do

For each v € Mg, consider the functions

Co = 15‘v|®3 and 0y = ¢

and the finite set of places S = {v € Mg\ {0} | {» # 0}. For each v € S, let p, € Z
be the corresponding prime number. Choose a subdivision II, of Ng so that ¢, is
piecewise affine on II,, and rec(IL,) = ¥’. This can be done as follows. Let ¥’ be
a strictly concave function on Y, which exists because of the condition that ¥/ is
a regular fan. Then, II, can be constructed as the subdivision determined by the
concave function ¢, + ¥’ as in [BPS14| Definition 2.2.5].

For each finite subset S” C S we denote ps: = [[,cq Pv and Zs: = Z[1/ps:].
Consider the toric scheme A7y, over Zg\ 1,y obtained by the construction in [BPS14)
§3.5] using Zg\ {v} and p, in place of K° and w. The function ¢, defines a Cartier
divisor P,, on Ap, as in the case of toric varieties over a field. The restriction of
P, to the generic fibre X’ agrees with P.

For v,w € §, the restriction of the models Ay, and &, to Zg\{y,w} can be
identified by using the element p, /p,,. Under this identification, the Cartier divisors
P,, and P, correspond to each other. Since these identifications satisfy the
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cocycle condition, we can glue together the schemes A, , v € S, into a model
X" over Z of X', and the divisors P, into a model P of P. Then

9(7) = =20 (valeo (7))
is a Green function of C° and PSH-type for P. Hence P = (P, g) is a nef arith-

metic R-divisor and, by construction, P is its associated metrized R-divisor, which
concludes the proof of the theorem. O

Example 8.6. Consider again the toric metrized divisor D, on Py in Example
and let D, be the associated toric arithmetic divisor.

With the notation therein, suppose that n > 2, and that ), a; > 1 or, equiv-
alently, that D, is big. As noted in Example [7.7, the convex set O, is not a
polytope in this case. Hence, Theorem m shows that D, does not admit a Zariski
decomposition into arithmetic R-divisors.

Remark 8.7. In principle, Theorem leaves open the possibility that the ex-
istence of a general Zariski decomposition of D does not imply the existence of a
toric one. It would be interesting to settle this question and extend Theorem
to arbitary metrized R-divisors. Since the main reason why we restrict ourselves to
arithmetic R-divisors is the use of Theorem [8.5] one step in this direction would be
to extend this last result to metrized R-divisors.

APPENDIX A. CONVEX ANALYSIS OF ASYMPTOTICALLY CONIC FUNCTIONS

In this appendix we extend some definitions and constructions from [BPS14]
Chapter 2] to functions which are not necessarily concave. We will freely use the
notations and conventions in loc. cit..

Definition A.1. Let f: Ng — R be a function. The stability set of f is the subset
of My given by

stab(f) = {x € Mg | x — f is bounded below}.

When f is a concave function, this coincides with the definition of stability set
in convex analysis [RocT0]. If stab(f) # 0, this is a convex set. The function f
determines a concave function fY: stab(f) — R defined as

V(x) = inf — .
£Y@) = inf (ou) - ()
When f is concave, the function fV is the Legendre-Fenchel dual of f.

Lemma A.2. Let f,g: Ng — R be two functions. Then

(1) stab(f + g) D stab(f) + stab(g).
(2) (f+9)V(z) > (fYBgY)(z) for all x € stab(f) + stab(g).

Proof. Let = € stab(f) + stab(g) and take y € stab(f) and z € stab(g) such
that £ = y+2z. Then y— f and z — g are bounded below. Therefore (y+z) — (f +g)
is also bounded below, and so z € stab(f + g).

For x € stab(f) + stab(g) we have that

(fYBgY)(x) = yiggx(fv(y) +97(2)), (F+9)" (@) = nf((x,u) — f(u) = g(u))
and

sup (f¥(y) +9"(2)) = sup (inf({y,u) — f(w) +nf({zv) — g(v)))

y+z=x y+tz=x w

< sup inf((y,w) + (z,u) = f(u) = g(u)) = nf((z,u) = f(u) = g(u)),

Yy+z=x

from where we deduce the statement. O
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A conic function on Ng is a function ¥: Ng — R such that ¥(yu) = y¥(u) for
all u € Ng and v > 0.

Definition A.3. Let f: Ng — R be a function. We say that f is asymptotically
conic if there is a conic function ¥ on Ny such that |f — ¥| is bounded. Such a
conic function ¥ is necessarily unique. We call it the recession function of f and
we denote it by rec(f).

Remark A.4. Let f: Ng — R be an asymptotically conic function. Then

U
rec(f)(u) = lim M
Yoo 7y
Hence, for a concave asymptotically conic function, the notion of recession function
coincides with the usual one in convex analysis, see for instance [Roc70, Theo-

rem 8.5].

The stability set of an asymptotically conic function f: Ng — R agrees with
that of its recession function. Hence,

stab(f) = {z € Mg | (z,u) > rec(f)(u) for all u € Ng}.

If f is an asymptotically conic function f: Ng — R with stab(f) # 0, the
concave envelope of f, denoted conc(f), is defined as the smallest concave function
h: Ng — R such that h > f. We have that f¥ = conc(f)V and f¥V = conc(f).

Lemma A.5. Let f,g: Ng — R be two asymptotically conic functions such that
0 € stab(g). Then
(1) stab(f +¢€’'g) C stab(f +¢eg) for 0 <&’ <e and
ﬂ stab(f + eg) = stab(f).
e>0
(2) Assume that stab(f) # 0. Then, for 0 <&’ <e,

(f +€9)" | an(rrerg) = (FHE'9)Y + (e —€)g"(0)
and, for x € stab(f),

lim (f +29) () = /¥ (2).

Proof. (1)) Let 0 < &’ < e. By Lemma [A.2(1)),
stab(f + eg) D stab(f +€'g) + stab((e — &’)g) D stab(f +¢’g)
because € — ¢’ > 0 and so 0 € (¢ — &')stab(g) = stab((e — ¢’)g). Now let x €
stab(f 4 eg) for all € > 0. We have that stab(f +eg) = stab(rec(f) + erec(g)) and
so, for all u € N,
(z,u) > rec(f)(u) +erec(g)(u).
Letting € — 0, we obtain (z,u) > rec(f)(w). Since this holds for all u € Ng, we

deduce that = € stab(rec(f)) = stab(f). Hence, (.. stab(f 4 eg) C stab(f). The
reverse inclusion follows from the argument above with ¢ = 0.

Let 0 < &’ <. By Lemma [A2|[2), for = € stab(f + €'g),
(f+29) (@)= (F+'9) B (e —<)9) ) @) > (f +'9)" (@) + (e = ') 9" (0),
which proves the first assertion.
Letting £’ = 0, we deduce that liminf. o (f + Eg)v(x) > fV(z) for z € stab(f).

For the reverse inequality, given § > 0 let ug € Ng such that fY(z) > (z,uo) —
f(ug) — 6. Then

(f +e9)" () < (x,u0) — f(uo) — £g(uo) < f¥(x) - eg(uo) + 0.
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Letting € — 0, we deduce that

limsup(f + £9)” (2) < f¥ () + 4.

e—0

Since this holds for all § > 0, we obtain limsup,_,o(f +eg)"(z) < f¥(x). Therefore
lim. _,o(f + €g9)" () exists and is equal to fV(z), which concludes the proof. O
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