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kTfkLp1,1(Y )  A1kfkLp1 (X) f 2 Lp1
(X).

p0 < p < p1 f 2 Lp
(X)

kTfkLp(Y )  AkfkLp(X),
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↵
kfk1.

(iii) g

g =f � b = f �
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T
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: |Tf(x)| > 2�}|  |{x 2 Rn
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�
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1

�

Z
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X

j

|Tbj(x)|dx  C

�
kfk1,

K Rn\{0}

Z
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|K(x� y)�K(x)|dx  C, y 2 Rn.

K 2 C1
(Rn \ {0}) x 6= 0

|rK(x)|  C
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2
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y 2 Rn y 6= 0

|K(x� y)�K(x)|  |rK((x� y) + �y)||y|  C|y|
|x� y + �y|n+1

,

0 < � < 1 x |x| > 2|y|
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2
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Z
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n+1C|y|
Z

|x|>2|y|

1
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Z
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)
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(1, 1)
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=
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=
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Z

Q
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{Ij} {Sj}j
dSjf(⇠) = �I

j

(⇠) bf(⇠) 1 < r, p < 1
�����

✓X

j2Z

|Sjfj|r
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p
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�����
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�����
p

.

Z
eih(x) (x)dx.

 ⌘ 1 x 2 R

I(a, b) =

Z b

a

eih(t)dt,

h

h 2 C1
[a, b] h0 |h0

(t)| � � > 0
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�
.

h 2 Ck
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ih0
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=
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✓
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✓
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✓
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=
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|h(k+1)
(t)| � � > 0 h(k+1)

[a, b] h �h

h(k+1)
(t) � � > 0, t 2 [a, b].

h(k) t0 2 [a, b] t0
� > 0

J1 = {t 2 (a, b) : t < t0 � �},
J2 = (t0 � �, t0 + �) \ (a, b),
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t0 � � t0 t0 + �

b
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J2
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J1 J3
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(��)1/k
+ 2� =

2Ck + 2

�1/(k+1)
,

Ck+1 = 2Ck + 2 C1 = 4

Ck = 3 · 2k � 2.
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a a+ � b
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a b� � b
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J2 J3

J1 J2
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L2 L2
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=
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=
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=
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2
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'j
˜Sj

'j(⇠) = '(2�j⇠) d̃Sjf(⇠) = 'j(⇠) bf(⇠).

Sj � ˜Sj = Sj,

�I
j

· 'j = �I
j
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ji

2

2j
2

�2i+2
+

X

j>i

2

�j
2

i

�
,

2

�i  |x| < 2

�i+1

X

ji

4

j�i+1
+

X

j>i

2

i�j
= 4 +

1X

k=0

4

�k
+

1X

k=1

2

�k
=

19

3

.

r = 2 Sj � ˜Sj = Sj
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t 2 R+ gt(⇠) = e�2⇡t|⇠| 2 L1
(R)

Pt(x) := (e�2⇡t|⇠|
)

_
(x) =

Z

R
e�2⇡t|⇠|e2⇡ix⇠d⇠.
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t!0
(Qt ⇤ ') = (lim

t!0
Qt) ⇤ ' =

1

⇡

1

x
⇤ ' S 0

(R).

F(H') = �i sgn(⇠)b'(⇠) = F
✓
1

⇡

1

x

◆
F(') = F

✓
1

⇡

1

x
⇤ '
◆
,

F�1

H' =

1

⇡

1

x
⇤ ' S 0

(R)

u
n

! u S 0 u
n

⇤ ' ! u ⇤ ' S 0



H'(x) =

✓
1

⇡

1

y
⇤ '
◆
(x) =

✓
1

⇡

1

y

◆
(⌧x'̃)

=

1

⇡
lim

"!0

Z

|y|>"

'(x� y)

y
dy =

1

⇡
lim

"!0

Z

|x�y|>"

'(y)

x� y
dy.

L2
(R)

H' ' 2 S(R)
H (p, p) 1 < p < 1 (1, 1)

Lp

' 2 S(R)

(H')2 = '2
+ 2H('H') L2

(R).

' 2 S(R) ' 2 L2
(R)

'H' 2 L1
(R) H('H') ' 2 S(R)

'H' 2 L2
(R)

m(⇠) := �i sgn(⇠)

dH' ⇤dH' = b' ⇤ b'+ 2m(b' ⇤dH').

(b' ⇤ b')(⇠) + 2m(⇠)(b' ⇤dH')(⇠) =
Z

R
b'(⌘)b'(⇠ � ⌘)d⌘ + 2m(⇠)

Z

R
b'(⌘)b'(⇠ � ⌘)m(⇠ � ⌘)d⌘

=

Z

R
b'(⌘)b'(⇠ � ⌘)d⌘ + 2m(⇠)

Z

R
b'(⇠ � ⌘)b'(⌘)m(⌘)d⌘.

(b' ⇤ b')(⇠) + 2m(⇠)(b' ⇤dH')(⇠) =
Z

R
b'(⌘)b'(⇠ � ⌘)[1 +m(⇠)(m(⌘) +m(⇠ � ⌘))]d⌘.

m(⇠) = �i sgn(⇠) ⇠ 2 R

1 +m(⇠)(m(⌘) +m(⇠ � ⌘)) = m(⌘)m(⇠ � ⌘), ⌘ 2 R,

(b' ⇤ b')(⇠) + 2m(⇠)(b' ⇤dH')(⇠) =
Z

R
b'(⌘)m(⌘)b'(⇠ � ⌘)m(⇠ � ⌘)d⌘ = (

dH' ⇤dH')(⇠),

L1(R) (1, 1)

⇠ ⌘ ⇠ � ⌘
⇠ = ⌘ = 0 ⇠ 6= 0 ⌘ 2 R ⇠ = 0

⌘ 2 R \ {0} ⌘ 2 R



L2 H
(p, p) 1 < p < 1

1  p < 1

H : Lp
(R) �! Lp

(R)

(p, p) kHkLp!Lp  Cp H (2p, 2p)

kHkL2p!L2p  2Cp + 1.

' 2 S(R) kH'k2p  k'k2p

kH'k2p  (2Cp + 1)k'k2p.

k'k2p  kH'k2p Lp

kH'k22p =k(H')2kp  k'2kp + 2kH('H')kp  k'k22p + 2Cpk'H'kp
k'k22p + 2Cpk'k2pkH'k2p  k'k2pkH'k2p + 2Cpk'k2pkH'k2p
=(2Cp + 1)k'k2pkH'k2p.

kH'k2p

kH'k2p  (2Cp + 1)k'k2p ' 2 S(R).

S(R) ✓ L2p
(R)

(2p, 2p)
kHkL2p!L2p  2Cp + 1.

1 < p < 1

H : Lp
(R) �! Lp

(R)

L2
(R)

kHfk2 = kfk2 f 2 L2
(R) p = 2 C2 = 1

H : L2n �! L2n

kHk2n  2

n � 1 n � 1

C2 = 1 C2n  2C2n�1 + 1 C2n = 2n � 1



p � 2 p 2 [2

n, 2n+1
] n � 1

p0 = q0 = 2

n p1 = q1 = 2

n+1 H
Lp

(R)

kTfkp  Cpkfkp, 8f 2 Lp
(R),

Cp = (2

n � 1)

1�✓
(2

n+1 � 1)

✓
0  ✓  1

1

p
=

1� ✓

2

n
+

✓

2

n+1
.

L2
(R)

Lp
(R) 2  p < 1

1 < p < 2 p0 > 2 H
Lp0

(R)
Z

R
H'(x) (x)dx = �

Z

R
'(x)H (x)dx, ', 2 S(R).

S(R) ✓ Lp0
(R)

kH'kp = sup

 2S(R),k k
p

01

����
Z

R
H'(x) (x)dx

����

= sup

 2S(R),k k
p

01

����
Z

R
'(x)H (x)dx

����

 sup

 2S(R),k k
p

01
k'kpkH kp0  Cp0k'kp,

' 2 S(R) S(R) ✓ Lp
(R)

kHfkp  Cp0kfkp, 8f 2 Lp
(R),

(1, 1)

L1
(R)

(1, 1)

H : L2
(R) �! L2

(R)
H b 2 L2

(R) I

Z

R\2I
|Hb(x)|dx  C

Z

I

|b(x)|dx.

H : L2(R) ! L2(R) H⇤ = �H



b /2 S(R) x /2 2I

Hb(x) =
1

⇡

Z

I

b(y)

x� y
dy.

{'n}n C1 I

'n
n�! b L2.

H'n
n! Hb L2

(R)
x /2 2I H'n(x)

n! Hb(x)
x /2 2I 'n 2 S(R) I |x � y| � |I|/2 > 0

y 2 I n � 0

H'n(x) =
1

⇡
lim

"!0

Z

|x�y|>"

'n(y)

x� y
dy =

1

⇡
lim

"!0

Z

|x�y|>", y2I

'n(y)

x� y
dy =

1

⇡

Z

I

'n(y)

x� y
dy.

����H'n(x)�
1

⇡

Z

I

b(y)

x� y
dy

���� 
1

⇡

Z

I

|'n(y)� b(y)|
|x� y| dy

 2

⇡|I|

Z

I

|'n(y)� b(y)|dy

 2

⇡|I|k'n � bk2k�Ik2
n�! 0,

Hb(x) = lim

n!1
H'n(x) =

1

⇡

Z

I

b(y)

x� y
dy, x /2 2I.

c I b

Z

R\2I
|Hb(x)|dx =

1

⇡

Z

R\2I

����
Z

I

b(y)

x� y
dy

����dx

=

1

⇡

Z

R\2I

����
Z

I

b(y)

✓
1

x� y
� 1

x� c

◆
dy

����dx

 1

⇡

Z

I

|b(y)|
✓Z

R\2I

|y � c|
|x� y||x� c|dx

◆
dy

 1

⇡

Z

I

|b(y)|
✓Z

R\2I

|I|
|x� c|2dx

◆
dy,

|y � c|  |I|/2 |x� y| � |x� c|/2
Z

R\2I

|I|
|x� c|2dx = 2|I|

Z 1

|I|

1

z2
dz = 2,



Z

R\2I
|Hb(x)|dx  2

⇡

Z

I

|b(y)|dy

L2
(R) Lp

(R) 1  p < 1
H (p, p) (1, 1)

(1, 1)
(p, p) 1 < p < 2

2 < p < 1
(1, 1)

• f 2 L2
(R) Hf

S(R) ✓ L2
(R)

• f 2 Lp
(R) 1 < p < 1

H(p)f := lim

n!1
H'n Lp,

{'n}n ✓ S(R) 'n
n! f Lp

• f 2 L1
(R)

H(1)f := lim

n!1
H'n L1,1,

{'n}n ✓ S(R) 'n
n! f L1

Lp

L2

L1



1  p, q < 1 f 2 Lp
(R) \ Lq

(R)
{'n}n ✓ S(R) 'n

n! f Lp Lq

{Kn}n C1

f ⇤Kn
n�! f Lp Lq.

m � 1 C1  m

•  m ⌘ 1 B(0,m)

•  m ⌘ 0 R \B(0, 2m)

• 0   m(x)  1 x 2 R

'n,m := (f ⇤Kn) m 2 C1
c (R) ✓ S(R), 8n,m � 1.

g 2 Lp
(R) \ Lq

(R) g m g Lp Lq m

|g m|  |g| 2 Lp
(R) \ Lq

(R), 8m � 1.

n � 1 mn � 1

k(f ⇤Kn) m
n

� f ⇤Knkp <
1

n
k(f ⇤Kn) m

n

� f ⇤Knkq <
1

n
.

'n := 'n,m
n

k'n � fkp  k(f ⇤Kn) m
n

� f ⇤Knkp + kf ⇤Kn � fkp 
1

n
+ kf ⇤Kn � fkp,

n k'n�fkq

f f Lp

f 2 Lp
(R) \ Lq

(R) 1 < p < 1 1  q < 1
{'n}n ✓ S(R) f Lp Lq

H(p)f := lim

n!1
H'n Lp

H(q)f := lim

n!1
H'n Lq L1,1 q = 1

H'n H(p)f
H(q)f

H(p)f(x) = H(q)f(x) x 2 R.



1 < r, p < 1
�����

✓X

j2Z

|Sjfj|r
◆1/r

�����
p

 Cp,r

�����

✓X

j2Z

|fj|r
◆1/r

�����
p

,

{Sj}j dSjf(⇠) = �I
j

(⇠) bf(⇠) {Ij}
H
L2

(R)
K =

1
⇡

1
x
2 C1

(R \ {0})

1

⇡

����
�1

x2

���� 
C

|x|2 , x 6= 0

C = ⇡�1

�����

✓X

j2Z

|Hfj|r
◆1/r

�����
p

 Cp,r

�����

✓X

j2Z

|fj|r
◆1/r

�����
p

.

I = (a, b) ✓ R Sa,b

[Sa,bf(⇠) = �(a,b)(⇠) bf(⇠),

Sa,b =
i

2

(MaHM�a �MbHM�b),

Ma

Maf(x) = e2⇡iaxf(x).

H �i sgn(⇠)

\iMaHM�a = sgn(⇠ � a) bf(⇠).

1

2

(

\iMaHM�a � \iMbHM�b) = [sgn(⇠ � a)� sgn(⇠ � b)]
bf(⇠)
2

= �(a,b)
bf(⇠),



Ij = (aj, bj)
H

�����

✓X

j2Z

|Sjfj|r
◆1/r

�����
p

 1

2

2

4
�����

✓X

j2Z

|HM�a
j

fj|r
◆1/r

�����
p

+

�����

✓X

j2Z

|HM�b
j

fj|r
◆1/r

�����
p

3

5

 Cp,r

2

2

4
�����

✓X

j2Z

|M�a
j

fj|r
◆1/r

�����
p

+

�����

✓X

j2Z

|M�b
j

fj|r
◆1/r

�����
p

3

5

= Cp,r

�����

✓X

j2Z

|fj|r
◆1/r

�����
p

,





K : S(R2
) �! C

' 7�! lim"!0

R
|t|>"

'(t,t2)
t

dt.

K K
K

S(R2
) �! S(R) �! C

' 7�! �' 7�! 1
x
(�'),

�'(t) = '(t, t2)

�

0
'(t) = D(1,0)'(t, t2) + 2tD(0,1)'(t, t2),

�

00
'(t) = D(2,0)'(t, t2) + 2tD(1,1)'(t, t2) + 2D(0,1)'(t, t2) + 2tD(1,1)'(t, t2) + 4t2D(0,2)'(t, t2),

�

000
' (t) = · · · ,

�'

�

(m)
' (t) =

X

|↵|m

c↵t
n
↵D↵'(t, t2),

m 2 N,↵ 2 N2, c↵ 2 N n↵ 2 N

ktn�(m)
' k1 

X

|↵|m

c↵ sup
t2R

|tn+n
↵D↵'(t, t2)|


X

|↵|m

c↵ sup

(x,y)2R2

|xn+n
↵D↵'(x, y)|

=

X

|↵|m

c↵kxn+n
↵D↵'k1 < 1,



n,m 2 N �' 2 S(R) ' 2 S(R2
)

�'
n

n! 0 S(R) 'n
n! 0 S(R2

) K 2 S 0
(R2

)

' 2 S(R2
)

�(t) = (t, t2)

H�'(x, y) = (K ⇤ ')(x, y) = lim

"!0

Z

|t|>"

'(x� t, y � t2)

t
dt.

H� L2
(R2

)

L2

{A(t)}t>0

t > 0 A(t) 2 GL(n,R) C � 1 " > 0

kA(st)�1A(t)k  C

s"
, s � 1, t > 0.

k · k `2n�

T K
{A(t)}t>0

K =

P
j2Z Kj S 0

(Rn
) Kj A(2j+1

)B(0, 1)

˜Kj(x) := detA(2j)Kj(A(2
j
)x) x 2 Rn

Z

Rn

| ˜Kj(x)|dx  C,

⇠ 2 Rn

��� b̃Kj(⇠)
��� 

C

(1 + |⇠|)" ,

C, " > 0

K
�����

Z

Rn

X

↵j�

Kj(x)dx

�����  C, 8↵, � 2 Z,

T : L2
(Rn

) �! L2
(Rn

)

Rn



{ ˜Kj}j K
Rn

Z

Rn

| ˜Kj(x)|dx =

Z

Rn

|Kj(A(2
j
)x)|| detA(2j)|dx =

Z

Rn

|Kj(x)|dx.

K
bK L1

(Rn
)

S 0
(Rn

) K =

P
j Kj S 0

(Rn
)

| bK(⇠)| =

�����
X

j2Z

bKj(⇠)

�����  C ⇠ 2 Rn.

⇠ 2 Rn j0 2 Z |A(2j0)⇤⇠| 
1 ·⇤

X

↵jj0�1

bKj(⇠) =
X

↵jj0�1

(

bKj(⇠)� bKj(0)) +

Z

Rn

X

↵jj0�1

Kj(x)dx,

(ii) {Kj}j
� = j0� 1 Kj

A(2j+1
)B(0, 1)

�����
X

↵jj0�1

bKj(⇠)

����� 
X

↵jj0�1

Z

A(2j+1)B(0,1)

|Kj(x)(e
�2⇡ix·⇠ � 1)|dx+ C.

x 2 A(2j+1
)B(0, 1) ux 2 B(0, 1) x = A(2j+1

)ux

x · ⇠ = (A(2j+1
)ux) · ⇠ = ux · (A(2j+1

)

⇤⇠).

|e�2⇡ix·⇠ � 1| < 2⇡|x · ⇠| = 2⇡|ux · (A(2j+1
)

⇤⇠)|  2⇡|ux||A(2j+1
)

⇤⇠|  2⇡|A(2j+1
)

⇤⇠|.

�����
X

↵jj0�1

bKj(⇠)

�����  2⇡
X

jj0�1

Z

A(2j+1)B(0,1)

|Kj(x)|dx|A(2j+1
)

⇤⇠|+ C.

(ii)

Z

Rn

| ˜Kj(x)|dx =

Z

Rn

|Kj(x)|dx  C,

C



�����
X

↵jj0�1

bKj(⇠)

�����  C

 
X

jj0�1

|A(2j+1
)

⇤⇠|+ 1

!
.

|A(2j0)⇤⇠|  1 j  j0 � 1

|A(2j+1
)

⇤⇠| = |A(2j+1
)

⇤
(A(2j0)⇤)�1A(2j0)⇤⇠|

 kA(2j+1
)

⇤
(A(2j0)⇤)�1k|A(2j0)⇤⇠|

 kA(2j0)�1A(2j+1
)k

= kA(2j0�(j+1) · 2j+1
)

�1A(2j+1
)k  C

2

(j0�(j+1))"
,

t = 2

j+1 > 0 s = 2

j0�(j+1) � 1 " > 0

X

jj0�1

|A(2j+1
)

⇤⇠|  C
X

jj0�1

1

2

(j0�(j+1))"
= C

1X

k=0

✓
1

2

"

◆k

< 1,

�����
X

↵jj0�1

bKj(⇠)

�����  C.

↵

�����
X

jj0�1

bKj(⇠)

�����  C.

j = j0 (ii)

| bKj0(⇠)| 
Z

Rn

|Kj0(x)|dx =

Z

Rn

| ˜Kj0(x)|dx  C.

j > j0
A 2 GL(n,R)

F(det(A�1
)f(A�1·))(⇠) = (Ff)(A⇤⇠).

b̃Kj(⌘) = F(det(A(2j))Kj(A(2
j
)·))(⌘) = bKj((A(2

j
)

�1
)

⇤⌘),

⇠ = (A(2j)�1
)

⇤⌘ (ii)

X

j>j0

| bKj(⇠)| =
X

j>j0

��� b̃Kj(A(2
j
)

⇤⇠)
���  C

X

j>j0

1

(1 + |A(2j)⇤⇠|)"  C
X

j>j0

1

|A(2j)⇤⇠|"



j > j0

|A(2j0+1
)

⇤⇠|  kA(2j0+1
)

⇤
(A(2j)⇤)�1k|A(2j)⇤⇠| = kA(2j)�1A(2j0+1

)k|A(2j)⇤⇠|

= kA(2j�(j0+1)
2

j0+1
)

�1A(2j0+1
)k|A(2j)⇤⇠|  C|A(2j)⇤⇠|

2

(j�(j0+1))"
.

|A(2j0+1
)

⇤⇠| > 1 j0

|A(2j)⇤⇠| � 2

(j�(j0+1))"|A(2j0+1
)

⇤⇠|
C

>
2

(j�(j0+1))"

C
,

X

j>j0

| bKj(⇠)|  C
X

j>j0

1

|A(2j)⇤⇠|"  C"+1
X

j>j0

1

2

(j�(j0+1))"2
,

�����
X

j2Z

bKj(⇠)

����� 

�����
X

jj0�1

bKj(⇠)

�����+ | bKj0(⇠)|+
X

j>j0

| bKj(⇠)|  C,

j0 j 2 Z
{jk}k ✓ Z jk

k! 1 jk > j |A(2jk)⇤⇠|  1 k � 1

|A(2j+1
)

⇤⇠|  C|A(2jk)⇤⇠|
2

(j
k

�(j+1))"
 C

2

(j
k

�(j+1))"

k�! 0.

A(2j+1
)

⇤⇠ = 0 A(2j+1
)

⇤

⇠ = 0 ⇠ 2 Rn \ {0} j0 2 Z

| bK(⇠)|  C ⇠ 2 Rn.

k bKk1  C

{A(t)}t>0

j 2 Z k0 2 Z k0 > j

A(2j)B(0, 1) ✓ A(2k)B(0, 1), 8k � k0.

C k0 = j + 1

x 2 A(2j)B(0, 1) x = A(2j)u u 2 B(0, 1) k > j
x = A(2k)A(2k)�1A(2j)u

|A(2k)�1A(2j)u|  kA(2k)�1A(2j)k  C

2

(k�j)"
< 1,

k � k0 k0 2 Z k � j + 1 C = 1



Kj = µj

µ

bµ(⇠) =
Z

Rn

e�2⇡ix·⇠dµ(x), ⇠ 2 Rn.

K =

P
j2Z µj S 0

(Rn
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✓
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.
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) =
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.



s =
Pk

i=1 ai�E
i

Z

R2

s(x)dµj(x) =
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=
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Z

R2

d|µ̃j|(x) = |µ̃j|(R2
) = 2 ln 2,
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1  s  t < 2 h0

|I(t)|  C1

⇡|⇠1|
 C1
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⇡
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����
Z

1|t|2
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|⇠| = |⇠2| h±(s) := �2⇡(±s⇠1 + s2⇠2) |h00
±(s)| = 4⇡|⇠2|
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||µj| ⇤ f |

Lq
(R2

) q > 1

Tf =

X

j2Z

µj ⇤ f g(f) =

✓X

j2Z

|µj ⇤ f |2
◆1/2

Lp
(R2

) p
����
1

p
� 1

2

���� <
1

2q
.

Sj
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
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�2
j (E) = �j(R⇥ E) �j �2

j

k�2
jk = �2

j (R) = �j(R2
) = k�jk.

µ̃j

µ̃j = �j � �2
j2

�j'(2�j·),

k�jk  C

kµ̃jk  k�jk+ k�2
jkk2�j'(2�j·)k1 = k�jk+ k�jkk'k1  C.

• | b̃µj(⇠)|  Cmin{|2j⇠1|a, |2j⇠1|�a}

|2j⇠1| � 1 | b̃µj(⇠)|  C|2j⇠1|�a

|b�j(⇠)| k�jk

| b̃µj(⇠)|  |b�j(⇠)|+ |b�j(0, ⇠2)b'(2j⇠1)|  C|2j⇠1|�a
+ k�jk|b'(2j⇠1)|

 C|2j⇠1|�a,

b' 2 S(R) |b'(t)|  Ct�a

|2j⇠1| < 1 | b̃µj(⇠)|  C|2j⇠1|a
|b�j(⇠)� b�j(0, ⇠2)| k�jk

| b̃µj(⇠)|  |b�j(⇠)� b�j(0, ⇠2)|+ |b�j(0, ⇠2)� b�j(0, ⇠2)b'(2j⇠1)|
 C|2j⇠1|a + k�jk|1� b'(2j⇠1)|  C|2j⇠1|a + Ckb'0k1|2j⇠1|
 C|2j⇠1|a.

b'(0) = 1 |2j⇠1| < 1 0 < a < 1

{µ̃j}j g̃ µ̃⇤

{µ̃j}j �j = µ̃j+�
2
j'j

'j(x) = 2

�j'(2�jx)

Mf(x) = sup

j2Z
|�j ⇤ f(x)|  sup

j2Z
|µ̃j ⇤ f(x)|+ sup

j2Z
|�2

j'j ⇤ f(x)|


 
X

j2Z

|µ̃j ⇤ f(x)|2
!1/2

+ sup

j2Z
|�2

j'j ⇤ f(x)|

= g̃(f)(x) + sup

j2Z
|�2

j'j ⇤ f(x)|.



sup

j2Z
|�2

j'j ⇤ f(x)| = sup

j2Z

����
Z

R2

f(x1 � y1, x2 � y2)'j(y1)dy1d�
2
j (y2)

����

 sup

j2Z

����
Z

R
|'j ⇤ f(x1, x2 � y2)|d�2

j (y2)

����

 sup

j2Z

����
Z

R
M1f(x1, x2 � y2)d�

2
j (y2)

����

= sup

j2Z
|�2

j ⇤M1f(x1, x2)| = M2M1f(x),

k'k1 = 1 M1

Mf(x)  g̃(f)(x) +M2M1f(x).

�j �2
j 'j

|µ̃j|  �j + �2
j'j.

µ̃⇤
(f)(x) = sup

j2Z
||µ̃j| ⇤ f(x)|  sup

j2Z
|�j ⇤ f(x)|+ sup

j2Z
|�2

j'j ⇤ f(x)|

 Mf(x) +M2M1f(x).

{µ̃j}j
g̃ L2

(R2
)

M2 M1 Lp
(R) 1 < p  1

M L2
(R2

) µ̃⇤

L2
(R2

) g̃ Lp
(R2

) p

����
1

p
� 1

2

���� <
1

4

,

4/3 < p < 4 M µ̃⇤

g̃ Lp
(R2

) 8/7 < p < 8

µ̃⇤ g̃ M
Lp

(R2
) 1 < p < 1 M L1

(R2
)

Mf(x) = sup

j2Z

����
Z

R2

f(x� y)d�j(y)

����  kfk1 sup

j2Z
k�jk  Ckfk1.



H� M� Lp
(R2

) 1 < p < 1 1 <
p  1

µj �j
{µj}j {�j}j

R2

|µj|(E) =

Z 2j+1

2j
(�E(t, t

2
) + �E(�t, t2))

dt

t
,

j 2 Z

kµjk = |µj|(R2
) = 2 ln 2  C.

�j(E) =

1

2

j+1

Z 2j+1

2j
�E(t, t

2
)dt,

{�j}j

k�jk = �j(R2
) =

1

2

 C.

|⇠1| > 1

|b�0(⇠)| =
1

2

����
Z

1|t|2

e�2⇡i(⇠1t+⇠2t2)dt

���� 
C

|⇠1|1/2
.

|⇠1| > 1
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����
Z
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e�2⇡i(⇠1t+⇠2t2)
dt

t

���� 
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|⇠1|1/2
.

bµj(⇠) = bµ0(2
j⇠1, 2

2j⇠2), b�j(⇠) = b�0(2j⇠1, 22j⇠2),

|2j⇠1| > 1

|bµj(⇠)|, |b�j(⇠)|  C|2j⇠1|�1/2.

|bµj(⇠)|  Cmin{|2j⇠1|1/2, |2j⇠1|�1/2}
|2j⇠1| > 1 |bµj(⇠)|  C|2j⇠1|�1/2

|2j⇠1|  1
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Z
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e�2⇡i(⇠1t+⇠2t2)
dt

t

���� =
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Z
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1|t|2
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2⇡|⇠1|dt  C|⇠1|.

|bµj(⇠)|  C|2j⇠1|  C|2j⇠1|1/2,
|2j⇠1|  1



|b�j(⇠)|  C|2j⇠1|�1/2

|2j⇠1| > 1 |2j⇠1|  1

|b�j(⇠)|  k�jk  C  C|2j⇠1|�1/2.

|b�j(⇠)� b�j(0, ⇠2)|  C|2j⇠1|1/2
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2

j+1
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|b�j(⇠)� b�j(0, ⇠2)|  C|2j⇠1|  C|2j⇠1|1/2,

|2j⇠1| > 1

|b�j(⇠)� b�j(0, ⇠2)|  2k�jk  C  C|2j⇠1|1/2.

M2

M2g(x2) = sup

j2Z

1

2

j+1

����
Z

2j|t|2j+1
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(0,1) R
k'k1 = 4

M2g(x2) 
1

2

sup

j2Z
|'j ⇤ g(x2)|  2Mg(x2),

M M2

Lp
(R) 1 < p < 1

Mf = sup

j2Z
|�j ⇤ f |

1 < p  1

M�f  2 sup

j2Z
�j ⇤ |f | = 2M(|f |)
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(R2
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(f) = sup

j2Z
||µj| ⇤ f(x, y)| = sup
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�����

Z 2j+1
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[f(x� t, y � t2) + f(x+ t, y � t2)]

dt
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����� .

f j 2 Z
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dt
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2
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4

2
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2h

Z h

0

[f(x� t, y � t2) + f(x+ t, y � t2)]dt

= sup
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) 1 < q  1

H� : Lp
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(X,µ) (Y, ⌫)

T : Lp
(µ) �! Lp

(⌫)

C

(p� 1)

k

k > 0 1 < p  p0 1 < p0  1

T : L(logL)k(µ) �! L1
(⌫)

�

T : L(logL)k(µ) �! L1
(⌫).
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B(⌫)
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(⌫) + L1
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a1 < · · · < an ai 2 Z i = 1, ..., n B ✓ Rn
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