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- Hamiltonian description of charges particles and electromagnetic fields

- Reduction of Vlasov-Maxwell equations using Lie transforms
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- Reduced Hamiltonian model for the Free Electron Laser
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importance of stability vs instability in devices involving a large number of charged
particles interacting with fields: plasma physics (tokamaks), free electron lasers

Here: reduced models of such systems (easier simulation, better understanding of 
the dynamics)



Motion of a charged particle in electromagnetic fieldsMotion of a charged particle in electromagnetic fields
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>> in non-canonical form: physical variables
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Definition: Hamiltonian systemDefinition: Hamiltonian system
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- a scalar function ,  the Hamiltonian

- a Poisson bracket ,  with the properties
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          Leibnitz law  , , ,
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Eulerian version: case of a density of charged particlesEulerian version: case of a density of charged particles
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- density of particles in phase space  , ,

1
      example: , ,  Klimontovitch distribution 

- evolution given by the Vlasov equation
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- Eulerian, not Lagrangian: 

       for any observable , we have ,

- still a Hamiltonian system 
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2

 

f e f
f

t m c

d
f

dt t

f
m

d xd v f

⎛ ⎞∂ ∂⎟⎜ ⎟= − ⋅∇ − + × ⋅⎜ ⎟⎜ ⎟⎜∂ ∂⎝ ⎠

∂⎡ ⎤ ⎡ ⎤= =⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦∂

⎡ ⎤ =⎢ ⎥⎣ ⎦ +∫∫

v
v E

v

B
v

F F
F F H

H

3 3                                           with , ,

eV

d xd v f
f f

⎛ ⎞⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜⎝ ⎠

⎧ ⎫⎪ ⎪δ δ⎪ ⎪⎨ ⎬⎪ ⎪δ δ⎪ ⎪⎩
=⎥

⎭
⎡ ⎤⎢⎣ ⎦ ∫∫F

G
G

F



Eulerian version: case of a density of charged particlesEulerian version: case of a density of charged particles
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Variables:  particle density f(x,v,t), electric field E(x,t), magnetic field B(x,t)

4

4 0

f e f
f

t m c

c
t

c
t

⎛ ⎞∂ ∂⎟⎜ ⎟= − ⋅∇ − + × ⋅⎜ ⎟⎜ ⎟⎜∂ ∂⎝ ⎠

∂
= − ∇×

∂
∂

= ∇× − π
∂

∇⋅ = πρ ∇ ⋅ =

v
v E B

v

B
E

E
B J

E Bwhere and

VlasovVlasov--Maxwell equations: selfMaxwell equations: self--consistent dynamicsconsistent dynamics

> description of the dynamics of a collisionless plasma (low density)
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VlasovVlasov--Maxwell equations... still a Hamiltonian systemMaxwell equations... still a Hamiltonian system



- Elimination (or decoupling) of fast time and small spatial scales for a better
understanding of complex plasma phenomena

reduced polarization density /    magnetization current / polarization current density

- Can we represent the reduced Vlasov-Maxwell equations as a Hamiltonian system?
Hint: use of Lie transforms

- Deliverables: Expressions of the polarization P and magnetization M vectors

- reduced Maxwell equations in terms of  and 
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From microscopic to macroscopic VlasovFrom microscopic to macroscopic Vlasov--Maxwell equationsMaxwell equations



ReducedReduced fieldsfields as Lie as Lie transformstransforms of  of  ff, , EE and and BB

( ) ( ) ( )Given a functional , , , , , , , we define some new fields as

1
, , ,

2
1

e , , ,
2

,

t t f t

F f
f f

−

⎡ ⎤
⎢ ⎥⎣ ⎦

⎡ ⎤⎡ ⎤ ⎡ ⎤− + +⎢ ⎥ ⎢ ⎥⎢ ⎥⎣ ⎦ ⎣ ⎦⎛ ⎞ ⎛ ⎞ ⎣ ⎦⎟ ⎟⎜ ⎜⎟ ⎟⎜ ⎜⎟ ⎟⎜ ⎜ ⎡ ⎤⎟ ⎟ ⎡ ⎤ ⎡ ⎤⎜ ⎜= = − + +⎟ ⎟ ⎢ ⎥ ⎢ ⎥⎜ ⎜ ⎢ ⎥⎟ ⎟ ⎣ ⎦ ⎣ ⎦⎣ ⎦⎜ ⎜⎟ ⎟⎜ ⎜⎟ ⎟⎟ ⎟⎜ ⎜⎝ ⎠ ⎝ ⎠ ⎡− ⎢⎣

E x B x x v

E E E
D E
H B B B BSL

S

S S S

S S S

S
1

, ,
2

Remark: If the variable  is only a function of  

                     then e  is only a function of  

The functionals transforms into  

f

−

⎛ ⎞⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎜ ⎟⎡ ⎤⎤ ⎡ ⎤⎜ ⎟+ +⎜ ⎟⎥ ⎢ ⎥⎢ ⎥⎦ ⎣ ⎦⎣ ⎦ ⎟⎜⎝ ⎠

χ

χ

x

xSL

S S

e ,

      resulting in a new Hamiltonian and a new Poisson bracket...

−= SLF F



( )

( )

31
e 1

4
1

1 e
4

4
so that  

4

Reduced evolution operator  e e

e e , e ,

e
c d vf

m f

c

t t

−

−

−

−

⎛ ⎞δ ∂ δ ⎟⎜ ⎟= − = ∇× − +⎜ ⎟⎜ ⎟⎜π δ ∂ δ⎝ ⎠
δ

= − = ∇× +
π δ

⎧⎪ = + π⎪⎨⎪ = − π⎪⎩

⎛ ⎞∂ ∂ ⎟⎜ ⎟≡ ⎜ ⎟⎜ ⎟⎜∂ ∂⎝ ⎠
⎡ ⎤ ⎡ ⎤= = ⎢ ⎥⎢ ⎥ ⎣ ⎦⎣ ⎦

∫P E
B v

M B
E

D E P
H B M

S

S

S S

S S S

L

L

L L

L L L

S S

S

F
F

F H F H

PolarizationPolarization, , magnetizationmagnetization, , reducedreduced densitydensity, , etcetc……



ReducedReduced VlasovVlasov--Maxwell Maxwell equationsequations
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e

F f

−

⎛ ⎞ ⎛ ⎞⎟ ⎟⎜ ⎜⎟ ⎟⎜ ⎜⎟ ⎟⎜ ⎜⎟ ⎟⎜ ⎜=⎟ ⎟⎜ ⎜⎟ ⎟⎜ ⎜⎟ ⎟⎜ ⎜⎟ ⎟⎟ ⎟⎜ ⎜⎝ ⎠ ⎝ ⎠

D E
H BSL

- Elimination of small spatial and fast time (averaging) scales of f(x,v,t) : 
guiding-center
gyrokinetics
reduced models for free electron lasers

-Use of KAM algorithms (at least one step process)

- Advantages: preserve the structure of the equations,
invertible, symbolic calculus
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 collisionless plasmas (low frequency phenomena)
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Brizard, Hahm, Rev. Mod. Phys. (2007)



StrategiesStrategies to to reducereduce VlasovVlasov--Maxwell Maxwell equationsequations

>rigorous: e

> non-rigorous: truncate the Hamiltonian system

               - the equations of motion

               - the Hamiltonian and the Poisson bracket

> the canonical version provides a way 
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out... 



ReducedReduced model for the Free Electron Lasermodel for the Free Electron Laser

From: Vlasov-Maxwell Hamiltonian

To: Bonifacio’s reduced FEL Hamiltonian model

… in a Hamiltonian way
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A Free ElectronA Free Electron…… whatwhat??
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VlasovVlasov--Maxwell: canonical versionMaxwell: canonical version
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One mode for the One mode for the radiatedradiated fieldfield
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DimensionalDimensional reductionreduction
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BonifacioBonifacio’’ss FEL modelFEL model
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Outlook:onOutlook:on the use of the use of reducedreduced HamiltonianHamiltonian modelsmodels

Contact: chandre@cpt.univ-mrs.fr

References: Bachelard, Chandre, Vittot, PRE (2008)
Chandre, Brizard, in preparation.
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Long-range interacting systems : QSS, transition to equilibrium,…

Gyrokinetics: understand plasma disruption, control,…


